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THERMAL FLUCTUATIONS 
IN NONLINEAR SYSTEMS 


F. V. Bunkin 


The article shows that the known fluctuation-dissipation theorem is strictly applicable 
for the description of the spectral intensity of thermodynamic equilibrium fluctuations in 
arbitrary (including nonlinear) passive systems. A qualitative evaluation of the subject is 
given from the standpoint of the kinetic theory of electrical conductivity. 


1. There have recently appeared many theoretical works devoted to the study of ther- 
modynamic equilibrium fluctuations in nonlinear systems [1-10], that is, systems whose 
macroscopic processes are described by nonlinear equations. The discussion of the prob- 
lem in these works is based on the simplest example of an R-C mesh with a nonlinear 
volt-ampere characteristic. The authors proceed on the assumption that when the mean- 
square value of the thermal fluctuations in voltage at the capacitance Yam=ViTI/C * be- 
comes so large (e.g., as the result of an increase in temperature T) as to depart from 
the region of linearity of the volt-ampere characteristic, the results of the conventional 
theory of Brownian movement of linear systems prove invalid. In addition, they attempt 
to construct a "more general" theory of Brownian movement which is valid however great 
the fluctuations (particularly at high temperatures). It is noteworthy that the final results 
of all these works differ in all but one respect: jn Refs. [3, 5, 7, and 9] it is concluded 
that in the state of thermodynamic equilibrium the mean value of charge q at the capacitor 
in a nonlinear R-C mesh is other than zero and is q = -e/2 (e is the electron charge). 
Notwithstanding the fact that this result, in the first place, contradicts the second princi- 
ple of thermodynamics and, in the second place, contradicts the condition of continuity, ** 
at no time do the authors consider this an indication of the incorrectness of their approach. 
On the contrary, in Refs. [7] and [9] in this connection, the authors question the applica- 
bility of the second principle of thermodynamics to nonlinear systems and also question 
the proof of relationship q = -e/2. 

L. Brillouin [11] has already pointed to the difficulty encountered in a formal applica- 
tion of the Nyquist theorem in describing thermal fluctuations in nonlinear systems. He 
examined a system consisting of a linear impedance Z = R + iX connected to a nonlinear 
element with a volt-ampere characteristic V = ri + bi2 and showed that in describing ther- 
mal fluctuations in such a system by means of the Nyquist emf the second principle of 
thermodynamics is not violated if it is considered that the emf together with the fluctuation 
component e(t) has a constant component determined by the temperature T of the system 
and by its electrical parameters R, r, X andb. The role of component eg reduces to 
compensation for the rectifying effect of the nonlinear network (with b = 0, eg = 0). In 


*In addition, it is assumed that the law of equipartition of energy according to degrees 
of freedom holds, i.e., in the given case, Cu2/2 =kT/2. 

** According to the formula q= -e/2the mean value of charge is defined as a universal 
constant and does not depend on the properties of the resistance. In this case we do not 
have a continuous transition to a linear R-C mesh for which q = 0. 

e 


addition, he showed that the spectral intensity of the fluctuations in e(t) must be defined by 
the linearized resistance of the network, that is, 


e = 4(R-+r)kT. (1) 


2. The present report points out the fact that the fluctuation-dissipation theorem 
[12,13]*, being a generalization of the classical Nyquist theorem for fluctuations of an 
arbitrary physical nature, is strictly valid for arbitrary (nonlinear) systems. This means 
that the spectral intensity of thermodynamic equilibrium fluctuations in an arbitrary sys- 
tem at temperature T is always precisely defined by the properties of the corresponding 
linearized system (e.g., its admittance) at the given temperature. 

Thus, the nonlinear nature of the macroscopic equations of the system is not related 
to the problem of the spectrum of its equilibrium fluctuations. 

If it is assumed that the above statement is proved (see below), we may proceed 
further. It is known that the complete theory of Brownian movement (that is, the theory 
dealing with n-variate probability distributions wy(x1, X2,.--, Xp) for equilibrium fluctua- 
tions x(t)[x; = x(tj)]** results from the spectral theory of Brownian movement, which is 
based on the fluctuation-dissipation theorem with the additional assumption of the specific 
nature of the fluctuations x(t). This assumption is usually made as follows [21]: either x(t) 
is a Gaussian process or it is a continuous Markoff Process. *** Each of these assump- 
tions in conjunction with the fluctuation-dissipation theorem is sufficient (e.g., see Ref. 21 
to establish the precise form of the function w,(x1, Xg,.--, Xn), that is, to obtain exhaus- 
tive (in the probability sense) information concerning the fluctuations. It is important to 
note that in such a generalization of the theory the physical properties of the system, par- 
ticularly the form of the macroscopic equations describing it, are no longer significant. **** 
Hence, it follows that if, for example, we postulate a Gaussian character for the equilib- 
rium fluctuations in an arbitrary system, then the properties of the corresponding linear- 
ized system (e.g., its admittance a(w) or admittance matrix %nm() in the case of several 
variables) will uniquely define not only the spectral properties of these fluctuations but 
also all of their statistics (i.e., the function wy(x1, X2,..., Xp))- 

3. Let us turn now to our principal assertion, namely that the fluctuation-dissipation 
theorem is strictly applicable to an arbitrary passive system. For this purpose let us 
discuss the derivation of this theorem, presented in Ref. 13. For the sake of simplicity 
let us limit ourselves to the case of one fluctuating quantity x(t) (in the thermal equilibrium 
state the mean value X = 0). The discussed derivation falls into two independent stages. 
First, with the single assumption of the stationary nature of the equilibrium fluctuations 
x(t) and the applicability of the Gibbs canonical distribution (to systems within a thermo- 
stat) quantum mechanics are employed to calculate the spectral intensity of (x2) 4 of these 
fluctuations within an aribtrary system in terms of its temperature T, the matrix elements 
Xpm Of the operator & relative to the stationary states of the system and the eigenvalues of 
energy Ej of these states (see Ref. 13, page 456): 


(2)o = ) (0; T, tam, Li). (2) 
Once the function is derived, then, in principle, if we know the matrix elements Xnm 
and the energy E;, the problem of the spectral properties of equilibrium fluctuations in an 


arbitrary system is already solved. The dynamic properties of the system (particularly 
the form of its macroscopic equations) do not enter into this stage. 


* For a generalization of this theorem in the case of several fluctuating quantities and 
for field fluctuations see Refs 13-20. 

** x(t)is regarded as arandom process describing a physical quantity fluctuating in time. 
*** In the case of several fluctuating quantities it is necessary to introduce the concept of 
multivariate or continuous Markoff process. A Markoff process is continuous if its tran- 
sition probability satisfies the Einstein-Fokker equation. 

****This is evident from the fact that the n-variate distribution is wholly determined by 
the mean values of xX, and the second-order movements xXjX;, the values of which are 
given by the fluctuation-dissipation theorem. 


The second stage consists in the quantum-mechanical calculation (in terms of the 
same quantities w, T, Xym and Ej) of the transfer function (admittance) a (w) = a’ (@}+ ia” (a) 
defining the mean linear response X, to a sufficiently weak external harmonic input 
fo? to =%(@)f.. In particular, this calculation yields the imaginary part of the admit- 
tance (see Ref. 13, page 456) 


a” (@) = 9 (0; 7, tam, Ei). (3) 


Thus, this stage provides a dynamic description of an arbitrary system in the presence of 
external inputs which are sufficiently weak that nonlinear effects in the response may be 
disregarded. In addition, fluctuations of the quantity x are completely disregarded. 

The fluctuation-dissipation theorem arises from a comparison of the righthand mem- 
bers of Eqs. (2) and (3). It develops that, without any additional assumptions, the quantity 
wy(o; T, Xynm, Ei) (that is, (x2) w) can be expressed in general form in terms of the 
quantity P(w; T, Xym, Ej) (thatis, a'(w)). In this case we obtain ([13], page 456) 

(2%)_ = at (o) oth 2%. (4) 
Thus, regardless of how the system behaves in the presence of strong influences (it may be 
as nonlinear as is desired), the spectral intensity of the equilibrium fluctuations within it 
is always determined by the properties of a linearized system (the function «”(w) in the 
case of one variable and the matrix (a), ,,,) in the case of many variables) and its tem- 
perature T.* Hence it follows in particular that fluctuations x(t) may always (and not only 
for the dynamics of linear systems) be regarded as the response of a linearized system to 
an external random force f(t) with spectral intensity 


_ hh 2" (@) ho 
(Pa = de fa (o) Po ye (5) 


This result confirms that of L. Brillouin, Eq. (1), and eliminates the necessity for 
introducing the direct component of emf e,. 

In applying the fluctuation-dissipation theorem to fluctuations of an electromagnetic 
field in a nonlinear medium the spectral intensities of external random fields at each point 
of the medium must obviously be defined by the same formulas (similar to Eq. (5)) as in 
the case of a linear medium [13, 17-20]. As in the last case, these formulas may also be 
used for determining the intensity of the external field in nonuniformly heated bodies. In 
the case of nonlinear media there may also arise effects due to the rectification of inherent 
fluctuations. These do not, however, violate the second principle of thermodynamics, for 
nonuniform heating is present. 

4, Let us now discuss from the physical point of view the reason why nonlinear effects 
within the system do not affect the statistical properties of its thermal equilibrium fluctua- 
tions (in any case, why they do not affect the spectral intensity of these fluctuations). Let 
us examine this problem through the example of electrical fluctuations in a system contain- 
ing active resistances with nonlinear volt-ampere characteristics. For this purpose let us 
turn to the kinetic theory of electrical conductivity in strong quasi-static fields [22-26]. 
The quasi-static condition of the field in the given case means that the characteristic time 
to .for a change of field must be great in comparison with all the microscopic relaxation 
times Tyg] in the conductor being discussed: 


T, > Trel (6) 


From the macroscopic point of view condition Eq. (6) signifies that the conductor being 


* After the present report was completed there appeared Ref. 16 in which the authors 
arrive at the same conclusions concerning applicability of the fluctuation-dissipation 
theorem to nonlinear systems. In that paper, however, there is no evaluation of the 
problem from the kinetic point of view (see below). 


discussed does not possess dispersion and its electrical properties may be characterized 
by means of one parameter — electrical resistance R. It is this case in which we are 
interested at this time. 

As shown in Refs. 22-26, due to the fact that in each collision with a heavy particle 
an electron gives to it only a small part 6 = Ae/e of its energy e« (for gases 6~m/ M<'i, 


for semiconductors and metals 6~mv?/kl <1, where m and M are the electron and 


heavy-particle masses, respectively; vg is the speed of sound; T is the lattice tempera- 
ture), the distribution function f(p) of electrons in momentum space p may be represented 
with an accuracy up to terms of higher order relative to 6 in the form 


(Pp) = fo (P) + fi (P) Px / P- (7) 


The symmetrical part of f9(p) is always (up to breakdown) considerably greater than asym- 
metrical part £1(P)P;/ p defining the electrical conductivity s(fg => f,) of the medium; the 
x-axis is directed along electric field E. In the equilibrium state, when E = 0, the sym- 
metrical part f,(p) is a Maxwell (for gases and semiconductors) or Fermi (for metals) 
distribution, while fj(p) = 0. The influence of the field on the electron distribution f(p) and 
the conductivity 5 is defined by the parameter : 


1=(Gr) [6 (8) 


where e and | are the charge and mean free path of electrons, respectively. In the case 
of a weak field, when »< 1, Ohm's law is applicable (¢ is independent of E) with an 
accuracy up to terms of order 7, while the symmetrical part fp(p) remains an equilibrium 
distribution corresponding to a lattice temperature T. Here the entire effect of the field 
reduces to the drift of electrons whose distribution within the momentum space remains an 
equilibrium distribution. 

The chief result of the proposed theory for the discussed problem is the fact that 
departure from Ohm's law (occurring at yn 1) is always accompanied by a departure of 
the function f>(p) (and, consequently, of the complete distribution function f(p)) from equi- 
librium. Thus, in the region of nonlinearity of the volt-ampere characteristic of the con- 
ducting element the distribution of electrical carriers within it is always essentially a 
nonequilibrium distribution. * Hence it is evident that nonlinearity of the volt-ampere 
characteristic (and, consequently, of the associated equations describing the macroscopic 
processes in the system) is not related to the problem of equilibrium fluctuations in this 
system. Since at any value of equilibrium fluctuation (in particular, at any temperature) 
the function f,(p) remains (by definition) an equilibrium distribution function, the system 
always behaves as a linear system in the sense that the properties of these fluctuations 
are defined by the corresponding linearized (in terms of the zero order solution) macro- 
scopic equations of the system. 

The examined "self-linearization" of the system with an increase in its temperature 
is qualitatively explained by the dependence of the parameter 7 on temperature: with an 
increase in T the region of linearity of the volt-ampere characteristic (the region of values 
of E wherein Ohm's law is still applicable) is expanded. It is easily shown that in the 
state of thermal equilibrium of the system the condition »<1 is automatically fulfilled. 
For the sake of simplicity let us examine an R-C mesh. The quasi-static condition Eq. (6) 
in the given case reduces to the requirement RC > T;.], where Tyo] is any relaxation 


micro-time, particularly the energy relaxation time //vé (v is the mean thermal velocity 


of the electron). Let it be noted that with RC 4//v6 the conducting element can no longer 
be considered as an inertial-less resistance R and the system itself is no longer an R-C 


* In some cases (e.g., in metals [25, 26]) even in strong fields (n*1) the function fo(p) 
has the form of an equilibrium distribution corresponding to an electron temperature 9 > T. 
With regard to a thermostat with temperature T, this distribution is obviously a nonequi- 
librium distribution. 


’ mesh as such. * 
For an R-C mesh in thermal equilibrium E ~ (kT/CL2y1/2 , where L is the length of 
resistor. Considering further that R ~ L2/ 6 V = L2/enguV, while the mobility 
~el/V mkT (Ng is the electron density, V is the volume of the resistor), for the param- 
eter y we obtain 


me [=5/#¢| Na, (9) 


where Ng is the total number of free electrons in the resistor. Since Ne => 1, the param- 
eter 7 is actually negligibly small. 

The author wishes to express his gratitude to S. M. Rytov and L. I. Gudzenko for 
their advice concerning the problems discussed in this report. 
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* Disturbance of the condition RC 1/25 with an increase in temperature may be ex- 
pected, for example, in the case where the conducting element is a gas. If the temperature 
T is so great that the gas is almost wholly ionized, then the mean free path | ~ 7? (collision 
with ions) and consequently the time //%8 will increase with temperature as T3/2. How- 
ever, it is well known that at frequencies os 6/1! plasma has strongly pronounced dis- 
persive properties. 
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CROSS CORRELATION OF FIELD FLUCTUATIONS 
OF RECEIVING LENSES WITH FINITE DIMENSIONS 


M. F. Bakhareva 


The report derives the cross correlation coefficient R for field fluctuations at the foci 
of lenses when an incident monochromatic, initially plane wave passes through a medium 
with extensive random discontinuities in its refractive index. It is shown that if the dimen- 
sions of the lens are commensurate with the radius of cross correlation of the field fluc- 
tuations, then with an increase in te distance between receiving points the coefficient R 
decreases more slowly in the presence of lenses than in the absence of lenses. 


INTRODUCTION 


On the assumption that there are no lenses at the receiving points the cross correla- 
tion function of field fluctuations has been determined by L. A. Chernov [1] for the case of 
the passage of a plane monochromatic wave through a layer of a medium with extensive 
random discontinuities in its refractive index. However, in practice reception is always 
achieved with lenses or antennas of finite dimensions. If the antenna dimensions are com- 
mensurate with the correlation radius of the field fluctuations, the antenna gain is not 
wholly utilized, which leads, as is known [2, 3], to a decrease in the relative intensity of 
fluctuations at the antenna foci. 

The present report investigates the influence of finite lens dimensions on the cross 
correlation coefficient R of field fluctuations at the lens foci. It also derives the depend- 
ence of R on the propagation parameter a relative to the lens dimension h/a (a is the mean 
extent of the discontinuity in the medium) and relative to the distance between lens foci 
(h + d)/a. It is shown that with lenses in which h is commensurate with a, the cross cor- 
relation coefficient decreases more slowly with an increase in distance between receiving 
points than in the absence of lenses. 


1. STATEMENT OF THE PROBLEM 


Let lenses be placed at two points for the reception of a random wave field. Let Pj 
represent the field strength at the focus of the i-th lens (i =1, 2). The spatial correlation 
function K for field fluctuations at the receiving points is 


KAP AD? Sp pes (1) 


It is assumed that the lenses are located in a plane perpendicular to the direction of prop- 
agation of the primary wave incident on a layer of thickness L of a statistically nonuniform 
medium (Fig. 1). The field strength Pj at the focus of the i-th lens is associated with the 

field p incident upon the lens by the relationship 


(kA = ’ 

a Oe inF \ P(p)ds, t=4, 2, (2) 
x4 

where 2; is the area of the i-th lens, ds is an element of this area, p is the radius vector 

of this element, F is the focal length, k is the wave number, Aj is the intensity of the 


waves incident upon the layer. We shall assume that both lens are identical. On the 
basis of Eqs. (1) and (2) the correlation function K may be written in the form 


ee ae er 
K= aa \ Ap(o) Ap’ (p’) ds ds’, (3) 
x 


zx 


1-2 


where Ap = p-p is the field fluctuation in the lens plane. The integrand in Eq. (3) is the 
cross correlation function of field fluctuation calculated by L. A. Chernov [2], namely: 


SS be US 
Ap(e) Ap (p= ele * a) _ pa 3 


where 


a=Va wheal (5) 
is the propagation parameter, / is the distance between points Pp and oR »? is the average 


intensity of the fluctuations in the refractive index of the medium 


sal 
a 


Fig. 1. Passage of a wave through Fig. 2. 
a layer of thickness L. Arrows in- 
dicate the direction of propagation. 


Location of lenses in a plane 
perpendicular to direction of propa- 

gation. Points O and O' are the lens 
foci. 


Let the lenses be bounded by square diaphragms with sides of length h. Then, in ac- 
cordance with Eqs. (3) and (4), introducing integration limits corresponding to the dimen- 
sions of Fig. 2, the required correlation function is written in the form 


A ho kg 
Vie 2 2 aos 
K = qap\\ dada, \ dy, | ele al —e-say, (6) 


wherein /? = (y, — ye)? + (2, — 22). 
2. CALCULATION OF THE CORRELATION FUNCTION 


Let us expand the exponent of the integrand of Eq. (6) into a series: 


i eer (Bary era) 


exp [ae =] =1+ > ~e : (7) 


A iS ge ait 
A foe) “” 2 m(zs—z2)? 2 2 __ M(Yi~—Ve)* 
5 ? 2 
K= arp 2 <\\ e e dz,dz, \ dy, \ e CS 
pe h h h 
wa =D, are 
which after integration yields 
hs 
2 ea m at 
h d iF Foe Ry a bh Ie (= ) e —1 
bes ay a) Eas, 2 mim? | a Vim® Vm ai Vu ss 
m= 


« EEE yo) 225 V mo GY B)airrgel Pl area a 
_ (ath dah 


+ bef ym ae yea. (8) 


As is seen from Eq. (8), the correlation function K depends on three parameters: the 
propagation parameter « (given by Eq. (5)), the relative lens size h/a and the relative dis- 
tance between lens centers d/a. 

Let us discuss a few limiting cases. 

If there are no lenses at the receiving points (h/a = 0), then the quantity K / 2,2, = K/h‘ 
becomes Eq. (4) for the cross correlation function of field fluctuations. 

If both lenses coincide (i.e. , d/a = 0), then we obtain from Eq. (8) the expression for 
the intensity of field fluctuations | AP |? at the lens focus: 


K(=, 0, a) =[APP = 


m! m2 
m=1 V y 


ny 2 2 
Ae = q™ if — fp —h aes as ‘ 
= papi tate-* Dy na) O(Vm—=) + =— (9) 


This expression differs somewhat from that obtained in M. N. Krom's paper Ref 3, 
namely: 


2 co 


A 
(Aue (2 ° mate—% >) g 


V2? mim : 


m 


The difference is associated with the fact that we have not extended the integration limits 
with respect to the normalized coordinate to infinity, as was done in Ref. 3. 

On the basis of Eqs. (8) and (9) the correlation coefficient R = AP,AP* /|AP|? of field 
fluctuations at the foci of identical lenses may be written in the form : 


pen@, £, jane yee a0 


In the absence of lenses at the receiving points the correlation coefficient takes the form 


R,=R(0, £,a)=K(0, 2, a)/K(0, 0, a= 


/ 
dz 
afe 4} 


2 i (11) 
From Eq. (11) we find that in the case of small fluctuations («<1) 
a 
Ro=e (12) 
and in the case of large fluctuations («> 1) 
ae 
nC (13) 


3. EVALUATION OF RESULTS 


Figures 3 and 4 show the results of calculations from Eqs. (8)-(13) of the dependence 
of R (solid curves) and Ry (dotted) on d/a for « =4, 16, and «<1, and for h/a = 0.6, 1, 2. 

The following conclusions may be drawn from the shape of the curves. First for 
fixed values of h/a and « the value of R for any d/a is greater than Rg. In other words, 


the correlation between field fluctuations at the lens foci decreases with increasing d/a 
more slowly than do the field correlations at the same points in the absence of lenses. 
This occurs because, with h # 0, the correlation of the fluctuations of the field in regions 
near the lens areas exceeds Ro, since the dis- 
tance between these portions is less than the 
distance between lens centers. Second, in the 
case of small fluctuations («<1) the difference 
between R and Ro becomes significant when the 
lens dimensions are commensurate with the 
extent of the discontinuity of the medium a, and 
in the case where a1 , 
when the lens dimensions 
are considerably less 
than a. This is explained 
by the fact that, as follows 


Se from Eqs. (12) and (18), 
SS with a<1 the radius of 
LI EET TL cross correlation of field 
a 


fluctuations is equal to 


Fig. 3. Dependence on the distance d/a between lens foci a, and in the case where 


of the cross correlation coefficient R (solid line) in the aS>1is equal toa/Va., 
presence of a lens with h/a = 0.4 and cross correlation that is, is Va times less 
coefficient R, (broken line) in the absence of a lens. [er2ke 

Propagation parameter’ * =4, 16, and««1 The author takes this 


R opportunity to express 

10 his thanks to S. M. Rytov 
09 for his counsel in this 
work. 
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CALCULATION OF CROSS NOISE POWER 
IN LONG-DISTANCE SCATTER 
COMMUNICATIONS SYSTEMS 


A. V. Prosin 


The paper determines the cross noise power arising in long-distance communications 
systems with frequency modulation and frequency multiplex, due to the multipath propaga- 
tion of radio waves. It is shown that in the presence of the constant component of the field 
the value of cross noise in telephone communications channels using long-distance tropo- 
spheric microwave propagation may be extremely small. 


INTRODUCTION 


In long-distance tropospheric propagation of microwaves the total signal at the re- 
ceiver input is caused by various propagation mechanisms which may act separately and 
simultaneously. As a result the field at the receiver is usually a combination of a field of 
constant intensity (caused by diffraction, reflection from various inversions, superrefrac- 
tion and similar mechanisms of wave propagation) and a scatter field. 

As an expansion of the work in Ref. 1 the present paper is devoted to determining the 
cross-noise distortion arising in long-distance communications systems with frequency 
modulation, due to the presence of the constant and scatter fields at the receiving site with 
relatively small delays of the constant wave. An analysis is performed in general form by 
use of the correlation function of turbulent discontinuities of air as introduced in Ref. 2. 


1. CALCULATION PROCEDURE 


In accordance with the procedure of correlation analysis presented in Ref. 3 the cross 
noise power is 


Pot = 10°KGW. (Qu) AF Ra Mahe, (1) 


where the spectrum and correlation function of cross noise are determined from the ex- 
pressions 


W (Q) = 408\ We, (0) cos Ord, (2) 
é 

al 

Ao 


Yo d=aatt)y= POVESD. (3) 
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In Eqs. (1)-(3) and thereafter the definitions of quantities not specifically indicated 
are as given in Ref. 1. In calculating the noise spectrum it is necessary in Eq. (3) to 
eliminate coherent terms which do not contribute to the cross noise in telephone channels. 


2. CROSS NOISE CORRELATION FUNCTION 


i On the basis of Eqs. (4) and (5) of Ref. 1 and Eq. (3) above the correlation function 
will be 


co co co co 


eed Se B (t) B(t +7) 
Tages. ( ( \ ( are tS Ta are (8 ae ay WB, 


A(t), B(t +7), A(t+1)] dB (t)dA (t)dB (t+ 1)dA(t +0), (4) 


where W [_ ] is a quadrivariate distribution function. 

It was shown in Ref. 1 that if the deviation of the dielectric constant from its mean 
value follows a normal probability distribution with mean zero, then A(t) and B(t) are un- 
correlated random functions which follow the normal probability distribution. 

A calculation of Eq. (4) with the statistical properties of A(t) and B(t) cited above is 
given in Ref. 4. For our case the correlation function of noise is defined by 
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where 7 = (Ve/V )2; Vp is the voltage attenuation factor of the scatter field components; 
Iy, Ip and I, are Bosse functions, respectively, of the r-th, m-th and n-th orders, with 
imaginary arguments;R(t) is a correlation coefficient, which with the given statistical 
properties of A(t) and B(t) is 


yO)” (6) 


Integration of Eq. (5) leads to an unwieldy expression for V’.,(t) which is extremely dif- 
ficult to use in calculating the cross noise spectrum. With 


1— R(z) 
V qesRaco (7) 


as shown in Ref. 5, the expression for the correlation function is somewhat simplified and 
has the form 
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where I’ is the gamma function. 
The dependence of Eq. (8) on R(r) is satisfactorily approximated by 


m2 
2 
3Ao-, 


Wea) e-V RY (1), (9) 


4 
ny = a culic 


In the case of a purely scattered microwave field n, = 4/3; when the intensities of the 
constant and scatter field components are equal, n, =1.9. 

In determining R(r) it is necessary, in accordance with Eq. (6), to find the correlation 
function of A(t). With the assumptions made in Ref. 1 this function is equal to 


Caa(t)—~Ba(e)\ Velr, B) ee Direc Peay, (10) 
Vv 11°22 
W,(t, £,) = cos (AOm [5 (t) —S (¢—7,) — S(t +1 +S(¢+t— G))), (11) 


where ¢ is the effective scatter cross-section (scatter coefficient); fry (a, 8) and free (a, B) 
are the power-gain characteristics of the receiving and transmitting antennas, respec- 
tively; By(t) is the envelope of the scatter-signal time correlation coefficient. Rj, and 
Rage are defined by Fig. 1. 

The correlation function of Eq. (11) is from Ref. 6 equal to 


Wee (t, 1) = eo Minei() ’ G2) 
Ody 
402 sin ( — 
y(t) = sa | ft | (t cos Qr) dQ, (13) 


1 


where Mme = ae is the effective modulation index; A@me= 2nA/me= A®mV Lu (0) 
“2 
(Afme is the effective frequency deviation); W,(0) is the average power of the multichannel 
signals; Q, = 2nF,; , =2nF, (Fg and Fy are the upper and lower limit frequencies of the 


linear spectrum of u(t)); AQ = Q,—Q,. 
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receiver 


transmitter 


Figure 1 


In communications systems with long-distance tropospheric propagation of microwaves 
the following condition is quite often fulfilled 


QT 

<1, (14) 
which corresponds to the case of relatively small delays of the constant component of the 
field, commensurate with the scatter field delays. Subject to the limitation of condition 
(14) (the procedure for the calculation of cross noise with delays of the constant wave is 
given in Ref. 1) we obtain for Eq. (12) 


W(t, Tz) = exp |— Amel (1— et (15) 


The product of the directivity characteristics of the transmitting anc receiving anten- 
nas in the vertical plane is approximated by 


‘h —n,hy\2 
fee (2) fecl#) = exp|—1,38(- =) I. 


= a , (17) 
where «, is the angular width of the antenna radiation patterns in the vertical plane; ny 
is a factor characterizing orientation of the antenna axis relative to the horizon. With 
the antenna axis oriented toward the horizon nx = 0; with the antenna axis at an angle of 
0.5 % above the horizon nx = 1. 

The scatter coefficient and decrease in fluctuation intensities with height are defined 
by Eqs. (31) and (32) in Ref. 1. The general nature of these equations permits the rela- 
tion between cross noise and the statistical parameters of a turbulent troposphere to be 
written in a general form. 

Substituting Eqs. (7), (8), (31) and (32) of Ref. land Eqs. (15) and (16) above into Eq. (10) 
and reducing the volume integration to an integration over height alone [7], we obtain 


(16) 


‘AOmed 2 fo 
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Faa(t)~Bu(t)\ ¢ dh = 


0 


= Wa, (0), (18) 

sin Qo ep Cube 
y(t) = oe The = ie 2) 
dy = In 2 (1,4e9.98(P+0,5m—1) _ Js (20) 
by, = (1 + p+ 0,5n,)}?. (21) 
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Equations (20) and (21) are valid within the limits 


{<(p+0,5 nm) <3,5. (22) 
From Eq. (18) it follows that 
(oe) 4 eS (h—nyhy)*4 “ (h—b3, <i'| 
Yaa (0) ~ “0 dh = V4, (0). (23) 


0 


Substituting Eqs. (18), (23) and (6) into Eq. (9), we obtain 


Y= oF (0) Ba). (24) 


m 


In the integrand of Eq. (18) let us expand the exponential factor containing y(t) into a 
power series: 


<a 
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Hereafter we shall be limited by the condition 


PNG nn 


“ i? le CR ) (70 Ite)? = (A®melz)” < iN (26) 


which is similar to the previously introduced condition (14). Hence in Eq. (25) we leave 
only three terms of expansion. Then, in accordance with Eqs. (18), (24) and (25), we 
obtain 


Wak (t) = By" (t) [an + day (0) + Cay? (1, (27) 
oS rd 
he ae Pag he) dh, (28) 
A ee 
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Experimental investigation of long-distance tropospheric propagation of microwaves 
has shown that the envelope of the scatter-signal time correlation coefficient decreases 
quite slowly withtime (B,(t) decreases | v e times, where e is the natural log base, with 7 
equal to fractions and units of seconds). Consequently, the energy spectrum of the cross 
noise will be concentrated in the zero ‘cequency region. Hence in subsequent use of Eq. 
(27) we shall discard the factor B"*(t). 

Expanding Eq. (27) into a Maclaurin series in powers of y(t) and, in accordance with 
Eq. (20), limiting ourselves to three terms of the expansion, we obtain 


n n Ny— 4 = 
Wa () = an’ EA myn” buy (0) bgp Mee’ [(%y— 1) Be + 
2 nO] y? (t) +++. (32) 
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The first term of the expansion in Eq. (32) does not depend on 7 and hence does not 
contribute to the shape of the spectrum. The second term of the expansion in Eq. (32) is 
the linear portion of the correlation function, which portion causes nonlinear distortion 
coherent with the signal itself. Consequently, the first and second terms in Eq. (32) will 
not create cross noise in the channels and it is necessary to eliminate them from Eq. (24) 
in determining the cross noise power. 


3. CROSS NOISE POWER 


Substituting Eqs. (2), (24) and (32) into Eq. (1) andintegrating, we obtain the formula 
for the cross noise power measured at the point with zero reference level: 


Fy me 


mu Phe A, 2 
Pet a een oy 
2 
peas ee 

= 1___ n, [(ny — 1) Ap + 0,885 A, Ao], (34) 

(2 — P (2m, 1) * : 
Ay = [2— P (2m?, Oe ; (35) 
Ay = 0,442 [2— P (2m?, 3)] + P (2m?, 2) m+ 0,884 [2— P (2m?, 1)] m2, (36) 

Ag = 0,665 {[2 — P (2m?2, 5)] + 3P (2m?, 4) ms + 4[2 — P (2m}, 3)] m2 + 

+ 3P (2m?2, 2) m3 +- 1,33 [2 — P (2m?2, 1)] m3}. (37) 


In Eqs. (33)-(37) Afx = Afmee °*Y is the effective value of frequency deviation per chan- 
nel, bay is the difference between the average power level of all channels and the measured 
level of a single channel (in nepers), by = Q,/Q,, and Af,is the troposphere bandwidth in 
the case where directional antennas are used: 


Af, = Af, Q1; (38) 
Af, is the troposphere bandwidth in the case where nondirectional antennas are used 


CR? 
Af =z, (39) 


Q is a factor which takes into account the influence of antenna directivity on the troposphere 
bandwidth: 


1 
Q=V a+ 18, (40) 
a = %&/@; P(yx?, n) is the x2 probability function, is half of the zeroth scatter angle; 
&s Mme \? , 
m = 0,62 (ime \*; (41) 
(+ ea: 
m, = 1,38 ae (42) 
1 Rie 
‘x ma ( he \ 
M: = ratte}; (43) 
— m h . 
ee area ae nee 
1,38, 1 , 
Be a 107 ? (45) 
1,38 + a,a? 
Nee hc (46) 
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Equation (33) is applicable upon satisfying conditions (14) and (7). The minimum value 
of the constant field component is determined from the condition V3 > Vie where 2248 
the intensity of the field scattered by the most active turbulent discontinuity in the scatter 
space (i.e., the discontinuity causing the maximum value of the scatter field at the receiv- 
ing point in comparison with other discontinuities). With V, = 0 and he = 0 Eq. (33) defines 
the value of cross noise arising in the propagation of ee scatter. 

For a qualitative analysis of the cross distortion arising upon interaction of the con- 
stant and scatter fields let us derive a simpler formula for cross noise power. Integrating 
Eq. (18) and considering Eqs. (16) and (9), we have 


an 
WP = war eB, (t) exp {— m,mgm,}, (47) 
ms = Fe (ame) 9 ne 
Ja (49) 
Me 0,99 minx, 
h, hyaQi 
Mel eaay ae (50) 


, : : trp h 
Equation (47) is obtained on the condition that m5 and m5 m4 are substantially less 


than unity. The second condition is more rigid and extremely difficult to satisfy, partic- 
ularly with a horizontal orientation of the antenna. 

Isolating in Eq. (47) the coherent terms of cross distortion (the procedure for isolating 
coherent terms is approximately the same as that examined above) and discarding, as be- 
fore, the function By(r), we obtain in accordance with Eqs. (1), (2) and (47) the following 
expression for cross noise power measured at the point with zero reference level: 


je aN 
Pp 109 Kevan et f we) x 
K 2 
> 4imo 2 2 2 
—| 1,57 (——) e935 Ym, 
xe Gan) | (2 — by) nbm, ) 


where Af, is the troposphere bandwidth in the case where directional antennas are used: 
é 
Ay, = A7,2,; (52) 


Q is a factor which takes into account the increase in troposphere bandwidth with an in- 
crease in antenna directivity [see Eq. (46)]. 

It follows from Eq. (51) that the minimum value of cross noise will occur under the 
condition m7 = 0. A quantitative determination of the minimum value of cross noise must 
be made with Eq. (33), for Eq. (51) does not consider second order terms. 

In microwave scatter propagation (i.e., with 1° = 0, he = 0) Eq. (51) may be used for 
quantitative calculations, but in comparison with Eq. (33) it yields slightly lower values 
(by 2 db) of cross noise power. 


4. DEPENDENCE OF CROSS NOISE POWER ON VARIOUS PARAMETERS 


Investigation of the dependence of cross distortion on the position of the channel in the 
linear spectrum of multichannel communications has shown that the maximum cross noise 
power will occur in the channel with frequency Q,~ 2 Q, . Consequently, calculations of 


cross noise must be performed for the uppermost channel, that is, for b, =1. 

From Eqs. (33) and (51) it follows that the cross noise power is inversely proportional 
to the fourth power of the troposphere bandwidth, which in Ref. 8 is determined on the basis 
of the transfer characteristics of the troposphere. Consequently, the equations derived 
establish the relation between the value of cross noise and the troposphere bandwidth as 
defined on the basis of the transfer characteristics of the medium. 

Figure 2 shows the dependence of Q2 on a for a number of values of p and nj. With 
increased antenna directivity, the coefficient Q and consequently the troposphere bandwidth 
increase rapidly. In the region 0.4<a< 1.5 the value of Q is considerably affected by the 


15 | 


statistical characteristics of the turbulent troposphere, in particular with an increase in 
p and nj the value of Q also rises. Since existing systems of microwave scatter propaga- 
tion operate in the given range of a, in calculating cross noise it is necessary to consider 
the statistical parameters of the troposphere. 

The table and Fig. 3 show the dependence of f1 and Pot on hg/hy for a = 1 anda = 0.25, 
ny = 4/3 (the case of low intensity of the constant wave) andny =1.9 (the case where 
Vi ma oie) mlaenO (horizontal orientation of the antennas) and nx = 1 (antenna at an angle of 
0.5 0% above the horizon). In the calculations it was assumed that d = 300 km, Re = 8500 
km, c = 300,000 km/sec, number of telephone channels N = 120, p= 1, and nj = 2 (the 
chosen values of p and nj permit a relatively simple explanation of the experimentally ob- 
served values of the field beyond the horizon). The dependence of Pot and fj on he/h is 


g | | 
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Fig. 2 


resonant in nature, wherein there exists an optimum ratio of hie, hy at which the value of 
cross noise will be minimum. For example, with a = 1 and nx = 1 the value of Pet is min- 
imum at he/hy = 0.81, this ratio being practically independent of n, (i.e., the relation 
between the constant and scatter field components). 


Existence of the optimum Pot = f(b,/hy) may be ex- opt, oy 22 aes 
plained by the symmetrical disposition of the scatter 
field components relative to the constant field com- ae ig= 1 KM 
ponents, which with constant amplitudes of scatter 600 ane epee 
rays leads to a linear phase characteristic for the 500|— ame eS 
propagation medium. 400\- Se a 

The presence of a wave of constant intensity | cee = SE 
with corresponding delay considerably reduces the | a 
value of cross noise. Thus, with a = 1 and n, = 1, o-  02°G8 Ba. Gl mivanh, ha 
in purely scatter propagation of microwaves Pet = Fig. 4 


= 290°10° UUW, and with n = 1.9 the value of cross 
noise at the minimum is only Pot = 130-102 Uw (i.e., 22 times less). 

With a decrease in the elevation angles of the antennas, first, the value of optimum 
ratio ho/ hy; decreases and, second, the value of Pot is substantially reduced. For example, 
with a = 0.25, ny = 1 andny =1.9 the optimum ratio h,/h, = 0.65 and Pot = 280 UUW, and 
with nx = 0 he/hy = 1 and Pet = T9UUW. 

From Eqs. (33), (34), (50) and (51) it follows that for a constant value of time delay of 
the wave of constant intensity we may in this manner select such parameters for the com- 
munications system as will provide minimum cross noise. These parameters are length 
of the transmission path, directivity of the transmitting and receiving antennas and antenna 
elevation angles. From Eqs. (50) and (51) it follows that the optimum path length wili be 
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dopr= V 5,8 hcleQr. (53) 


This equation provides satisfactory quantitative results in the case of antenna eleva- 
tion angles of 0.5 oo. For horizontally oriented antennas the optimum parameters must 
be determined from Eq. (33). Figure 4 shows the dependence of dopt = f(a) with p = 1, 

n; = 2, Re = 8500 km and nx = 1 for three values of hg. With an increase in delay of the 
constant field component and with an increase in antenna directivity the optimum length of 
path increases. 


CONCLUSIONS 


1. In multichannel microwave-scatter communications systems with frequency modu- 
lation and frequency multiplex the maximum value of cross noise occurs in scatter propa- 
gation of waves on turbulent discontinuities of the troposphere. In this method of propaga- 
tion the cross noise increases rapidly with distance. 

2. The presence at the receiving point (in addition to the scatter component) of a com- 
ponent of constant intensity with relatively short delay decreases cross distortion. With 
this composite mechanism of wave propagation there exists the possibility (with known 
statistical parameters of the troposphere) of choosing communications system parameters 
which provide minimum cross noise. The dependence of cross noise on distance is reso- 
nant in nature, hence there exists an optimum distance between transmitter and receiver 
at which cross noise is minimum. 

3. The statistical characteristics of the troposphere have considerable effect on the 
value of cross distortion. Hence for a more accurate calculation of cross noise power it 
is necessary to have exhaustive experimental data concerning the statistical characteris- 
tics of the troposphere (i.e. , data concerning the correlation function of turbulent disconti- 
nuities in the dielectric constant of air, the extent of turbulent discontinuities, the decrease 
in intensity of discontinuities with height, etc.). 
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POWER SPECTRUM OF A SIGNAL 
OBTAINED BY SCANNING 


N. K. Ignat'yev 


The paper establishes the dependence of the power spectrum of a signal on the multi- 
dimensional statistical properties of the information from which this signal is obtained by 
scanning. The solutions derived are directly applicable in television, facsimile and radar 
engineering. 


INTRODUCTION 


In radio engineering there are encountered cases of the transformation of information 
in which the signal is formed by scanning (e.g., in television, facsimile, radar). The 
presence of scanning considerably complicates the spectra of the corresponding signals 
and at the same time leads to definite regularities in their structure which must be con- 
sidered in all attempts to compress the band of frequencies occupied by the signal. From 
this point of view the determination of the power spectrum of the signal is of maximum 
interest. 

Since in all three of the abovementioned areas of application the spectral properties 
of the signal are determined by the presence of scanning, the methods of investigating 
them are similar and hence it is expedient to examine them together. 


1. THE PROBING fLEMENT 


In the discussed systems information which is a function of two or three variables is 
transformed by scanning into a function of time known as the signal [1]. Scanning is 
achieved by a moving probing element periodically traversing the area of the information. 
In radar the probing element is a "packet" of waves propagated in space; in facsimile it 
is the cross-section of a light beam tracing the image elements; in television this role is 
filled by the cross-section of the electron beam traversing the target and by the persist- 
ence of the target. 

The probing element is usually finite in all dimensions of the information space. 
Hence the resulting signal is proportional (within a certain approximation) to the effective 
changes in reflectivity or brilliance of the scanned object. In the given case the effect of 
the probing element is equivalent to the effect of a low-frequency filter generalized into 
the corresponding number of dimensions [1]. 

Thus, it may be considered that the process of scanning represents a process of low- 
frequency filtering. If the effect of the probing element in the dimensions x, y and t may 
be characterized by the weighting function Gj(x, y, t)*, then as the result of this filtering, 
the function Fj(x, y, t), characterizing the initial information, is transformed into the 
function 


co 


(Gomaeys ae Ne x, v, 0) G, (x — yx, y—v, t— 9) dy dv dd. 


* In television such a function may be formed by the product of the density distribution 
function of the current in the electron beam exploring the target by the transfer function 
characterizing the target persistence. 
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By so treating the filtering effect of the probing element we may consider that the 
ultimate transformation of the function F(x, y, t) reduces to "pure" scanning by an infinitely 
small probing element. The weighting function of this "ideal" probing element may be ex- 
pressed by means of the delta-function as 


G(x, y, t) = 8 (2) d(y)d(e). 


Since in each specific case the real weighting function of the probing element is known 
and its effect on the initial information and its statistical properties may be determined 
relatively easily, it will hereafter be considered that we are speaking only of the scanning 
of the transformed function F(x, y, t) by an ideal probing element. 


2. SCANNING ACTION 
In television the scanning of an image F(x, y, t) which is a function of two spatial co- 


ordinates x and y and of the time t occurs. The dimensions of the scanned surface are 
always finite and hence it may be considered that 


lel<; iyl<>- 
It is easily seen that in this case the function 
Dr(2, y, t, t) = Di8|2—X (x +hy)| d5|y—¥ Ge + hq) |8(¢ ==) (1) 
ky ke 


describes the displacement of an ideal probing element in the space of the variables x, y, t 
as functions of present time T [2]. Here Tj is the scanning period along the x-axis (i.e., 
the line scan period) and Tg is the scanning period along the y-axis (i.e. , the field scan 
period). Henceforth we shall refer to this function as the discretizing function. 

Multiplying the initial function F(x, y, t) by the discretizing function (1) and integrating, 
we obtain a sequence of separate values of this function forming a function of time (the 
signal) 


co 


i() =| \F @, y, t) Dr(x, y, t, t) dx dy dt. (2) 


—oo 


In facsimile it may be considered that transmission of an image in the form of an 
infinite strip, with width lying within the limits of |z|<|X|/2, displaced along the y-axis at 
a velocity of v=y/t occurs. The result is that the transmitted image may be regarded as 
a function F(x, t) and the displacement of the ideal probing element in the scanning process 
may be represented by means of the discretizing function 


Da(e,t,1) = Di6|2—X (p+ HOE —2), (3) 


where T is the line scan period. 
As in the preceding case, the resulting facsimile signal may be expressed as 


CO 


i(s) = \\ F(@, ) Dale, t, 0) dedt. (4) 


—oo 


Let a radar probe space along the coordinate x, wherein, due to displacement of the 
target or of the radar, the character of the reflected signals depends on time t. This 
means that scanning of function F(x, t) occurs. It is evident that if during pulse-repetition 
period T of the radar, the probing packet of waves travels a distance X, then the corre- 
sponding movement of the probing element is expressed by the same equation as in the 
preceding case, Eq. (3). If we neglect the fact that intensity of the reflected signals 
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decreases with distance to the target, or if we assume that high-speed automatic gain 
control is used, then the resulting signal may also be expressed by Eq. (4). 

Thus, the bases of the transformation of a two-dimensional function into one- 
dimensional function are identical in facsimile and radar, whereas they are special cases 


of a more general form of the transformation of the three-dimensional function occurring 
in television. 


3. CORRELATION FUNCTION 


Let us assume that the scanned function F(x, y, t) represents a random stationary 
process* for which the bivariate distribution function © (Up Ss Xji,0X25) Vasey 2s ti) tos 
where uy and ug are the values of function F(x, y, t) at points (x1, y1, ty) and (xg, yo, tg), 
is known. Assuming that x = xg -x1, V = yo -y 1, and ® = tg -ty by virtue of the stationary 
nature of the process we may write 


@D (Uz, U3 Ty, Lei Yr, Yo ti, te) =D (uz, Us; x, v, 9). 


Knowing this expression for the distribution function, we may give the three-dimen- 
sional correlation function 


co 


B(x, ¥, 9) = [\ mm O(m, wei 4, ¥, 8)duy, dy (5) 


—co 


which is the natural generalization of the one dimensional correlation function. 

If a function F(x, y, t) having the statistical characteristics mentioned is transformed 
by scanning into a function of time, then the latter will have a distribution function 
(uj, ug, T), (depending only on the displacement of the examined points in time T) and the 
corresponding correlation function 


foe) 


b(t) = \\ Wy, Us (Uy, Ua, t) du, dug. (6) 


—7 


It is easily concluded that if scanning is ach¥éved in accordance with the discretizing 
function Dp(x, y, t, T), then the relation between the displacements x, v, 0 in three- 
dimensional space on one hand and the displacement of T in one-dimensional space on the 
other will be defined by the discretizing function DR(x, V, 6, 7), and hence, as in Eq. (2), 
we will have 


foe) 


(8, Gant) = (\\ou, Us; x, Vv, 0) Daly, v, 9, t) dy dvds. (7) 


Substituting Eq. (7) in Eq. (6) and taking into account Eq. (5), we obtain 


b(t) = \\\2 (y, v, 9) Dr (y, v, %, t)dydvd®. (8) 


—oo 


It is evident that for facsimile and radar we shall similarly have the correlation 
function 


* The assumption of the stationary nature of the process examined (signifying that its 
distribution function does not depend on the coordinates in which this process is given) may 
be justified by the fact that in each case it is difficult even to indicate the cause whereby 
there may arise a given relationship disturbing the condition of stationarity. If in a certain 
case such a cause does occur, then the process acquires a nonstationary component and the 
results of the analysis presented here, remaining applicable only for its stationary compon~ 
ent, are approximate in the broadest sense. 
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b(t) \\ B(x, 8) Dr (x, 9, dyad. (9) 


—oo 


Thus, the correlation function of a signal obtained as a result of scanning may be de- 
termined as the result of scanning the correlation function of the initial information. 


4. POWER SPECTRUM 


As is known, the power spectrum of the signal is associated with the correlation func- 
tion by the relationship 


w(o) = \ b(t) e-terdr, (10) 


—oo 


In a similar manner we may determine the power spectra of three ~dimensional and 
two-dimensional information: 


=8 


W (c,, 2, @3) = = \\ B(x, v, 9) et @ucton +o) dy dy dd, (11) 
W (@1, @2) = \ B (y, 9) eText) dy dd. (12) 


Let us introduce the concept of discretizing functions in the spectral region: three- 
dimensional Dg(w 1, w2, W3, Ww) and two-dimensional Dg(w1, W2, W), which satisfy the 
conditions 


w(o) = \w (@1, @2, O3) Dg (@1, @2, M3, ©) dw, dw. das, (13) 
w(o) = \\ W (@1, @2) Ds (1, @2, ©) do, dos. (14) 


Substituting Eq. (8) in Eq. (10) and comparing the result with Eq. (13), we have 


co 


\\\2 a. v, 7) \ Dr (x, v, 8, 1) elerdrdy dvd® = 
os oe 


= \\\ W (@1, @9, 3) Dg (@,, M2, ©3, ©) dw, dm, das. 


—co 


Using here the value B(x, v, %) obtained from Eq. (11), we have 
Speak sph week : 
\\f (a) \ \W (@1, @2, Wg) EF @x+e+x9) deo, dws dos X 
x | Daly, v, 8, tet dedydvdd = 


- \\\w (@1, @2, @3) Dg (@1, @2, @3, ©) dw, dos dag. 


—co 
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Differentiating both sides of this expression with respect to w 1, Wg, and ws and simplify- 
ing, we obtain 


co 


Dg (@1, @, @3, ©) = (sz) \\\\ Daly, v, 9, tel @xtortoe—or) dy dy ddr. (15) 


ee 
—oo 


Substituting Eq. (9) in Eq. (10) and comparing the result with Eq. (14), in the same 
manner as in the previous case we obtain 


co 


Dg (04, ©, ©) = (sz) \\\ Dry, 9, 0) ef @x+08-0 dy dO dr. (16) 


—co 


Substituting Eq. (1) in Eq. (15) and Eq. (3) in Eq. (16), we obtain after integration the 
final expressions for the corresponding discretizing functions in the spectral region: 


‘ 


i aa Ok ag zr 3 8(o1 — mB) 318 (og — mea F) x 
™ 


Me 


x 8 (3-0 +m Fe +m), (17) 
Dg (@1, s, 0) = > ¥18( —m 24) (o,—0 + man). (18) 


Substituting Eq. (17) in Eq. (13), we obtain after integration the general expression for 
the power spectrum of a television signal 


ff , 
w (0) = xy >) YW (mm s ee o—m 7 Mg z): (19) 


™m, M2 


Similarly, substituting Eq. (18) in Eq. (14), we obtain after integration the general ex- 
pression for the power spectrum of facsimile or radar signals 


aye rf 2m 2m 


CONCLUSION 


As is seen from the derived equations (19) and (20), just as a one-dimensional signal 
is formed by scanning from three-dimensional (or two-dimensional) information, so also in 
the spectral domain a one-dimensional power spectrum is formed by sequential exploration 
of points with different power density from a three-dimensional (or two-dimensional) power 
spectrum. 

The more highly correlated the information, the greater its concentration of energy at 
low frequencies. The’ result is that the power spectrum, being the result of multiple, al- 
most periodic probing of this space, acquires a characteristic structure which is almost 
periodic. Thus, in accordance with Eq. (19), the power spectrum of the television signal 
acquires maxima at frequencies which are multiples of 2n/T 1 and 27/Tg and, in accordance 
with Eq. (20), the power spectra of facsimile and radar signals acquire maxima at frequen- 
cies which are multiples of 27/T. 
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PLANE AND CYLINDRICAL WAVE SCATTERING 
ON AN ELLIPTICAL CYLINDER 
AND THE THEORY OF DIFFRACTION RAYS 


L. A. Vaynshteyn and A. A. Fedorov 


We investigated the diffraction of cylindrical and plane waves on an ideally diffracting 
elliptical cylinder, the transverse dimensions and radii of curvature of which are large 
compared with the wavelength. A rigorous solution of this diffraction problem was ob- 
tained in the form of a series and a contour integral, which lead to special functions (atten- 
uation coefficients) introduced by V. A. Fok when asymptotic expressions for the radial 
and angular functions of an elliptic cylinder are substituted. The asymptotic solution ob- 
tained in this way corresponds to J. B. Keller's concept of diffraction waves and is easily 
generalized to cover a convex cylinder of arbitrary shape. This concept thus gains addi- 
tional justification (when applied to this type of problem) and at the same time it permits a 
certain generalization; in particular, the formulae derived make it possible to study the 
transformation of diffraction waves into ordinary waves and vice versa. 


INTRODUCTION 


The present-day state of development of the theory of diffraction of electromagnetic 
waves on convex conducting bodies is a result of the basic work done by V. A. Fok, [1-7]. 
In particular, he introduces (by means of contour integrals) special functions — attenuation 
coefficients which give the diffraction field for different positions of the source and points 
of observation. These functions originally related to the semi-shade region. In the illumi- 
nated region they become expressions of geometrical optics, and at the same time they can 
be used in the deep shadow region, as is clear from a consideration of diffraction on a 
sphere [9, 10] and circular cylinder [11]; however, a generalization of the corresponding 
formulae for a surface with a variable curvature, is not obvious. 

J. B. Keller in Ref. 12 has made this generalization for two-dimensional problems 
by formulating the concept of diffraction rays which have curvilinear areas lying on the 
surface of the body and constitute waves which have undergone diffraction in the true sense 
of the word. According to this concept the total field is equal to the sum of the contribu- 
tions made by ordinary rays, governed by geometrical optics, and by diffraction rays. 

The concept of diffraction rays in its present form cannot be considered either fully 
substantiated or exhausted. It is rather an outline enabling us to give a physical interpre- 
tation and to make a brief formulation of the asymptotic diffraction laws for a definite class 
of problems. In this article we derive an asymptotic solution for the particular diffraction 
problem of a convex cylinder with variable surface curvature, and we use it to substantiate 
and make more precise the concept of diffraction rays. For the convex cylinder we took an 
elliptical cylinder, limiting ourselves to two-dimensional fields and very simple boundary 
conditions. 


1. GREEN'S FUNCTION G 


Let us introduce the elliptical coordinates & and 7 on the plane x, y by the formulae 


x=fch€cosn, y=fshéEsinn, 
dx® + dy? = f? (ch? & — cos? n) (dE? + dy?) (1) 


and let us consider the region € > € outside the elliptical cylinder with the semi-axes 
a=fcht, b=fshé (2) 


and with the interfocal distance 2f. The wave equation 
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AU +#U =0 (3) 
in elliptical coordinates (1) becomes 


eu au Pore : 
Beet Gye + © (ch*E — cos?) U = 0, Os IR, (4) 


and we are only considering two-dimensional fields which are not a function of the third co- 
ordinate z. 

Green's Function G = G(&, n; &', n') = G(é', n'; &,n) is defined to be a function with the 
following properties. 

1. It satisfies Eqs. (3) and (4) everywhere, except at the point €', 7' at which the 
source is located (''the luminous line"'). 

2. At the point €', n' it has the particular characteristic that the 0 on the right-hand 
side of (3) is replaced by a two-dimensional delta-function — 476(x-x', y-y'). Elsewhere, 


G = nil” (kp) + G, (5) 


where p is the distance between the source and the point of observation; Ho) is the Hankel 
function (Ti Ho(1) (kp) ~ -2 Inkp for ko< 1); G! is a finite function. 

3. For € &—-oo it satisfies the condition of Sommerfeld radiation. 

4, On the surface of the elliptical cylinder & = € the function satisfies the boundary 
condition 


G=0 fo E=€ (6) 
or, what amounts to the same thing, the boundary condition 


aG 
OE 


0 for E=E. (7) 


5. It is a periodic function 7 with a period 27. 
We should point out that instead of condition (5) we can use either the continuity of G on 
the ellipse € = &' together with the condition 


aG aG 
OE pepe ag ee. ON — 11), i) 
or the continuity of G on the hyperbola 7n = n' together with the condition 


dG 
n=n'+0 on In=n/—0 


aG 
an 


= hb (E =’). (9) 


Particular solutions to Eq. (4) are found by the method of separation of variables. 
Setting 


US RE, ny Sn, x), co) 


we obtain the following equation for the "radial" function R 
aR 
ae +c? (ch? —x)R=0, (11) 


and for the "angular" function S we obtain the equation 


2S 
dy? 


+c? (x —cos? yn) S = 0, (12) 


in which x is the separation constant. For certain values of x, Eq. (12) has a periodic 
solution (Mathieu function); using these functions and the solutions of Eq. (11) it is easy to 
plot an expression for G. However, this expression is only suitable for computation when 
the transverse dimensions of the cylinder are comparable with ) = 27/k, or smaller. 
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When the dimensions of the cylinder are large compared with the wavelength, we have to 
approach the problem in a different way. 


2. PLOTTING THE FUNCTION [ 


Let us user =I (é, n, &', n') to designate a function which has the same properties as 
with the exception of property (5), which is replaced by the condition 


T(E, 9; &', 1’) 0 when | q —1'|— oo. (13) 


The function [ can be called Green's function in an infinite plane, in which the values 
nN, n+27, n+ 47 etc. correspond to the various points. 
The functions G and I are clearly linked by the spam 


G(Emesn)= >) PE, n+ 2m; &, 0’). (14) 


j=—oco 


As we shall see later, this series converges rapidly, provided the cylinder dimensions 
exceed the wave length. 

Let us plot the function [. Let us use Rj and Rg to designate the asymptotic solutions 
of the differential equation (12) as & >: 


ele che 
Rib, )~ Ta 
ewe ch & 
R, = R, (6, %)~ Toone , (15) 


where R, represents waves propagating toward infinity, while Ro represents waves propa- 
gating from infinity. Let us use Sj and Sg to designate the solutions to equation (12) which 
satisfy the relationships 


Si (q + 2x7, x) = 7S, (n, x), 

Ss (n a any, %) = WSs (n, %), (16) 
i.e. , Floke's theorem which we shall use for complex x assuming that the parameter 
T=T7(x) satisfies the condition |t| <1. S, will then represent waves which are attenuated 


as 7 — oo , and Sg represents waves which are attenuated as n — — oo. 
The function [ can be expressed in the form s = 1, 2...) 


(E, n; Se n’) = ZAR, (&, Xs) Sy (n, Xs) Og (ns Us) at Ties nN, | 
T(E, m5 &, 1’) = ZAR, (E, %s) So(n, He) Si (1, Hs) at non, J (17) 


where the Ag are unknown coefficients. The series (17) satisfy the conditions (1) and (3) 
and also condition (13). The boundary condition (6) is satisfied if 


Ra(Es-%-) = O- sas Te ey, (18) 


FG %)=0 (s=1,2,...). (19) 


In Section 3 we shall see that both Eqs. (18) and (19) lead to complex Mg 


The coefficients Ag are determined from Eq. (9). Let us use D = DOW) to designate 
the Wronskian 


(20) 
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Eq. (9) then takes the form 


DAD (x) Ry (E, %s) = — 4d (E — §') when E<E< ox. (21) 
Using the relationship of orthogonality 


| BiG, x) Ri (E, %) dE = Owhen ser, | (22) 


, e 
we obtain 


4n 


Ae =~ Dey Nite) HACE 4) 


Ny (%s) = \ R32 (E, xs) dé. (23) 


& 
S 


Relationship (22) can easily be deduced from the identity 


| FEE ORE) — RE) HE »)| + 


+c (x’ — x) Ri (6, *) Ri (6, x’) = 0, 
(24) 


if we set X = X%g, X' = xy, and integrate with respect to €, using relationship (18) or (19) and 
choose an € > 0 such that Rj — 0as &—oo el€. But if we set x =%g, integrate and then 
let x' — %g, we obtain the following expression for the "norm" Nz 


Ny (He) =e FEE, %) GEE, He), (25) 


if xg satisfies Eq. (18), and the expression 


an Mane 
Ny (s) = ——y Ri E, 0) segs E, %); (26) 
if Xg is the root of Eq. (19). 
The series 
Pr(é, n; §’, 0) = 
= EN Ss U Sy (n, Xs) So (1, Xs) 
= — 4n x D (*,) Nyx (x,) Va ( 5) R, (E ’ Xs) e (n, %s) Sa (1, iS , (27) 


in which the top line within the braces applies for n > 7', and the bottom line for n < 7’, 
satisfies (at least formally) all of the conditions imposed on the function [, and gives the 


desired solution. 


3. ASYMPTOTIC EXPRESSION FOR THE FUNCTION I NEAR THE CYLINDER 


Formula (27) is accurate and in principle suitable for any value of c and €. Next we 
shall assume that the least radius of curvature of the ellipse & = & (equal to b2/a) is large 


compared with the wavelength: 


oF, Ea 28 
le ae (28) 


and, consequently, that all other dimensions and radii of curvature are still larger. Under 
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this condition we can asymptotically integrate the differential equation (11) using the 
"standard" equation (compare Ref. 16, Section 3) 


w" (p) — gw (g) = 9, (29) 


which is satisfied by the Airy functions wy (~) and w2(). The above-determined radial 
functions Rj and Rg are approximately equal to 


RE Y=V sare gu BG =V marti ™ (30) 


The correspondence between the variables ~ and € for a real positive value x = ch7Eg(Eq > 0) 
is established by the formulae 


= (-9)"=cl V ch? &—xd— when £ >& 1 @ <0, | 
) (31) 

: é TT Sa 

39 =c\ Vu—chPE dg when E<E) ug>O. | 


If x is complex, we have to use the method of analytical continuation. Using ¢ to designate 
ts for €=€, and x =%g, Eq. (18) can be transformed into 


DSO (CSM, Boo wd (32) 
and Eq. (19) into 
Ww; (t.) = O - @SP4/ 2). 0.) (33) 
oe 
The complex roots t, |ts| e 3 have been thoroughly investigated (see Ref. 2, Section 7). 


If it is assumed Ber Vea by the expressions in (35)) that ae =~ €, then the second 
formula (31) gives 


2 +), 2 : = EN 
= = > V sh 25 (g,, — 8)" (%s.= ch", (34) 


from which 


te 
(c? sh2E) ’ 


Sos = E+ Msi ch? & ote ms aye : ts. (35) 


Knowing %g, we can find Rj(€, xg) and Ro(&, xs) from Eq. (30). 
The asymptotic solution of Eq. (12) can be written in simpler form: 


1 i —i 
Sy (n, %) = ~———-¢, $2(n, x) = -=— cal 
V c (x — cos? n) V 2? (x — cos? n) 


n 
Q=cl\ V x — cos? y dn, 


No 


| 
(36) 
| 


where the lower bound No is arbitrary. For the functions (36) the Wronskian D = 2i. 
For x= %, we Haan an approximate expression 


n 
c\ V x; — cos? ydyn = 6 + £2, (37) 


No 


where o and x are equal to: 
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n 
= e| V ch? — — cos? nd, 


No 


a n 
e /sh 2&\"* dy 
L=- a 
oh) aos) \ Taare (38) 


Furthermore, replacing x by ch2é in the coefficients of the exponential forms, we obtain 
the final expressions for Sj and So: 


Sy (n, Xs) eS —— oe 
Ve (ch? E — cos?) 
Ss (n, Xs) ; 4 GELS | (39) 


V (ch? = — cos’n) 


Let the source and the observation point be near the surface of the cylinder, so that 
E=~ Eand é'= E. Setting 


y = (c?sh 2E)"(— — €), 
y! = (c2 sh 28)" (@’ — 8) a 


and using the approximate expression 
va — cht = 228)", y) (= ty —y when x =m), (41) 
we obtain the expressions 


Ry (E, %s) = (c?sh 28)“ w (ts — y), 


OF (34) = — (c2sh 28)"; (t4 — fe 
so that Eq. (25) is equal to 4. 
Ny (xs) = — (c? sh 26)" [wy (65) 1°, (43) 
and Eq. (26) is equal to 
N, (%s) = (c2 sh 2) t, [w (ts)]?. (44) 
Introducing the quantity 
M (n) =[2O)"= (2 ae "VW ch® = — cos? n, (45) 


in which p(n) is the radius of curvature of the ellipse € = €, we can write the function I for 
the boundary conditions (6) in the form 


ViGanacon)|= 
ele" | W (ja — a’, y, y’, 90), (46) 


ry 2ni 
VM (1) Mn’) 


and for the boundary condition (7) in the form 
2m 


5 . El Nee ilo—o’| Wf — “ae : Za 
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where 


wi (ts— y) wi (tg —y’) 


; ee 
tees arnt en i 


5 ite 1 Wiltg—y) (¢,—y') 
¥ (2, y, y’, 0) = de zy ee OED 


| 
(48) 
) 


The contour integral (assuming y' > y) 
¥ayys 9) = 


eee wy (t) — qu, (t) 
= by ae ite t a % 9 t 2 2 
im | ¢ wy ( Ex y) oka 


w(t »| dt (49) 


leads to the series (48) for q = «© andq=0. The contour C encloses all the poles tg of the 
integrand in a positive direction, and, calculating the residues, we have to take into account 
the relationship 


Ww, (0) wy (t) — w, (t) ws (t) = — 2. . (50) 


The properties of the integral in Eq. (49) have been studied in detail. In particular, by 
using the transform for the function ¥ (cf. Ref. 16, Section 2) we obtain, for 7 = 7! 


Pe.n §0)= 
(y—y") (y+y’)* 


(Ie of ee i 
ye | fe 4|x— Tage] (51) 


where the negative sign applies for the boundary condition of Eq. (6) and the positive sign 
for that of Eq. (7). The first term in square brackets determines the primary cylindrical 
wave, which according to formula (5) is equal to 


i (ket = 
niH (kp) = = e edes, when kp S> 1, (52) 


while the second term gives the specular reflection of the wave from the cylinder. 
4. FUNCTION [ FAR AWAY FROM THE CYLINDER 
Let us go on to study cases in which the coordinate € or &' is large (a characteristic of 
radiation when the source is near the cylinder or the diffraction field of a plane wave) or 
when both coordinates & and é' are large (scattering characteristic for a plane wave ona 
cylinder). 


The series of Eq. (27) can be transformed into a contour integral for the boundary 
condition of Eq. (6) 


r(é, 4; 6, n)= 
= or RAE’, x) | Re (&, %) — PE Ry, *) | Si (, x) S2(n’, x) dx, (53) 


and into an integral for the boundary condition of Eq. (7) 


Peis 1) = 


Cc 


OR, — 
ie? ; Ee (5%) 
=+\ Re, in (E, *) — 5 — Ri (&, os (n, x) So (n’, x) dx, (54) 


where the contour C encloses all the poles of xg in a positive direction. In these exact 
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integrals we assume €' > € and n > 7', and that 


7 as, 
Ty 52 — 51 Fe = 2, Eh Ry Ge = 2i. (55) 


As €' —> oo the function R1(E', x), by virtue of Eq. (30), takes the form 


r hale 
i (ef vamremeae + = } 
1a (E', %) ae ; 1 e exe ev (56) 


Vc? (ch? &’ — x) 


Using the identity 


arc Cos 


Vx 
a ors Pee ch &” ileal 
Vorre—xdg = tne Veney—x— [Va —cosman, 67) 


0 0 


Sto 


we can rewrite Eq. (56) ina simpler form: 


i Gia) 


Ry (6, *) = 


Qi = 6 \ V x— cos" dy (58) 


and introduce a new function I (€, n; 7') — Green's function for a plane wave — by the 
formula 


: : D ech&’/4+ — . 
re 0 8.0) =V see Cet Oe, nin) @ 00) (59) 
Using the approximate formulae B 
- A £\ V/s 
x = ch?é 4 (2 \t; Qy 6,4 ty, (60) 


where 


Ae 
38 (61) 


V ch? = — cos? y 


eae 


fe Alea tose 
5) = e\V ch®é — cosy dn, = 
0 


and assuming = &, we obtain the expression 


rén1)=- Vicné shi ei(le-2'l 0) Vy (|r7—ar"| —ar, y, 9)s (62) 


V (che — cos?) (ch? E — cos?n’) 


in which 


C= 
Vi(2,¥, 9) = spz ets wel —y) — ae ea (63) 
c 


Ww, () ial gw, (t) 


is an "attenuation coefficient" for the plane wave, assuming that q =o for the boundary 
condition of Eq. (6) and that q = 0 for the boundary condition of Eq. (7). 
In order to calculate the scattering characteristic, we have to separate the primary 
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(incident) wave from the secondary (scattered) wave in the integrals of Eqs. (53) and (54). 
Let us introduce the function 


R,(é, *) = Ry (E, x) — Ro(E, *) (64) 


2i 


and rewrite the integral of Eq. (53) in the form 


(ems. nf) = | (B's) [RoE x) — AE" Ry (€, x) | Sun, ) Sul’, ¥) de (65) 
@ 


It can be shown that the first term in square brackets is the primary wave, while the sec- 
ondary wave is equal to 


(m5 Bs) = — ot |B, ) RE, 9) Suns 2) Sa (0 2) OE de (66) 
Cc 


The scattering characteristic y(n, n') is obtained by the formula 


eg nl 5) ic (ChE-+chE’)+i — } nee) : 
TEE W)=+Y Hee sr (a yo lie eet Sal) 


c 


and for the boundary condition of Eq. (6) it is equal to 


2 chH29E \*/s ; “ A , 
¥(4, 0) = es ei(ls-o'l 200)? (| —z'| — 2a), (68) 
c V2V (cht — cos? n) (ch? E — cos? n’) 
where 
4 
f ite _? (4) 
(Qez Va E a0) dt. (69) 


For the boundary condition of Eq. (7), instead of Eq. (66) we have 


OR) = 
oe (4) 
TE m8, 0) = — TRE, RE, Si (n, %) San’, ») SB— ax, (70) 
C aE 
so that 
, 2 9 y/s p 3 in , 
1(n, 1’) = cone) et (Io—0'| —200)g (| x — x’ | — 2a), (71) 
eV 2V (ch®—cos*n) (ch?E—cos?n’) 
where 
g (x) = cei eeUE?), 
oN) ae 12 aR (72) 


As will be shown later, the results of this section have to be made more precise if the 
functions [ (€, 7, 7') or y(n, n') correspond to waves approaching the point of observation 
according to the normal laws of geometrical optics (without diffraction). The original 
series of Eq. (27) after substitution of Eqs. (58) then diverges, but the contour integrals 
converge and make it possible to study the transition of the diffraction laws to those of 
geometrical optics. 
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5. MORE DETAILED STUDY OF GREEN'S FUNCTION FOR A PLANE WAVE 


Let us first ascertain the physical meaning of Eq. (62). Let us determine the angles 
7'1 and 7n'2 by the relationships 


sh E cos 7’ 
: V cht —cos?n’ 


sin n= € 


Foe i= ae chvgain il’ 
V che = COsen 


V ch? E— cos?’ = ch§sh§ . (73) 
V cheé — cos? 1’ 


in which €,= 1 and €,= -1. As can easily be shown 7', and 7'9 are the coordinates of the 
points of contact between the ellipse and straight lines drawn to a point at infinity (see 
Fig. 1). Using the theorem of addition for elliptic integrals ([13], p. 315), we can prove 
the following identities: 


, , , p cos n, cos 
G+2=%, 5 +5,=—5,—C os ; 
ché | 
, , D cos i cos n | (74) 
Ci Dee RO Oly =) = , 
0 2 0 2 ché ) 


Fig. 1. Points of contact 
n'; and 7'2 on cylinder (in 
given case A) < 0 and 

AL > 0). 


in which x') and o'y are the values of x ando atn =n',). These identities can be directly 


checked at € — co, when the ellipse changes to a circle, and also at n'=0, + 1/2, + 7,.... 


Z 
They are only valid for certain values of '; and 7'2 and when n'y is replaced by n') + 27j, 
they become more complex. We obtain 


|e—2|—2,=2—%, |o—o|—6, =o—o6,—kA, when n> > (75) 
|e—2|/—2z,=2,—2, (G—6| cy Soyo = kA, when n<n, 
in which the term (see Fig. 1) 
—kA\ =—e (chE cos n/, cos n’ + sh & sin 1, sin n/) = — ia ES (76) 


ché 


determines the phase of the plane wave at the points of contact, while the term €,(s —s,),.is 
proportional to the length of the arc of the ellipse from the point of contact 7') to the obser- 
vation point, and determines the phase shift of the wave on the curvilinear section of the 
diffraction ray. The attenuation coefficient V1 in Eq. (69) depends on the agrument of 

€, (x — x.) and determines the attenuation and phase shift of the diffraction ray on its curvi- 
linear part. Equation (62) can finally be written in the form 


r oo, 
M Ty i [E,(o—s,)—kA,]) , 
P(g, n; 1’) = V ee V (6, (@—2,), ¥> 4). (77) 


M 


If the boundary condition is Eq. (6) it is advisable to introduce the function 
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Ta (n, 1’) = or ; 1) = 


/ Mn) il€(e-2,)--#45 hoy 
ane M ' Tey te Oe ESS , 
= (c? sh 2E)”* ) sb e f(€{e—2,)); 
in which 
bik al ell® gy 79 
1)=Fe\ ny (79) 
and if it is the boundary condition of Eq. (7) we introduce the function 
é : M (n,) *6,e-2,)—K4)] 
Pa(n, w)=T(E, 1 0!) = pilin g(€,(«—2%)), ee 
where 
1 ( eitx de ; 
JO AOL (81) 


Using these formulae, it is assumed that v=1 forn>n'andv=2forn<v7n'. For 
n -'; > 27m (m=1, 2,...) the formulae give a diffraction ray which has gone around the 
cylinder in a positive direction not less than m times, and for n'2 - n > 27 they give a ray 
which has done the same in a negative direction. The contribution made by these rays, as 
a rule, is negligible, since the argument of €,(z— 2’) for them exceeds 4mxg, and according 
to Eqs. (61) and (28) we have 


nm / ¢ sh2&\ A 
ty > (3a) » (82) 


i.e., the magnitude of xg is at least equal to three or four. 

The highest value is shown by rays for which the argument € (z— z’) is small or else 
negative. If the argument is large and negative, Eqs. (77), (78) and (80) do not represent 
a diffraction ray, but a pair of rays (direct ray and reflected ray from the cylinder) con- 
forming to geometrical optics; in this case they need clarification, which, for the sake of 


simplicity we will only do in the case of I. and l',; by virtue of Eqs. (53), (54) and (58) 
these can be written in the following form for n > 7! 


Dy ot ~ig, S1(n, %) S2(n’, %) = 
Pen) = 75 \¢ eos 
mare, pee = SS 
Ge = V (ch? E — x) et) dye | 
aN 5 
V one: V (% — cos? n) («— cos?n’) | 
83) 
r nat co —iq, 51(n, *) S2(n’, %) ( 
a(n, 1’) set aie a dx 
sé, ae ( e) dye 
De Os ‘ 
eae Ve (ch2E — x) (x — cos® n) (x — cos? n’) } 


in which the phase w(x) is equal to 


w(x) = e| nasser | V ch? — x dg —c \Vx— cos? 9 dy. (84) 


an” E, 


34 


Since 7 < 7', 7 and 7' have to change places in Eq. (84), and we can rewrite the equa - 
tion w'(x) = 0 in the form 


1 , if 
clPe$—n)—#(,$—a)] 4 
Ey 3 (k, s+ i€,) oe F(k, 4 i€) ae F(k, >) =) (85) 
in which F(k, £) is an elliptic integral of the first kind and, k=1/V%x. Applying the theorem 


for the addition of elliptic integrals three times, we obtain the following equation for a sta- 
tionary phase point 


é sin n cos n’ Vx — cos? n — cos n sin n’ VY x— cos? are (86) 
) a Oe aan ay aC ROSS AE Ln ca a ea ———_—_—S 


% — cos? 4 Cos? 7’ ché 


We need the x9 root of this equation and it is equal to 


% = ch? & —(shE cos ycos 7’ + chEsinysin my) | (87) 


V ch? a Hy sh E cos n cos n’ + ch E sin y sin ne 
The following operations are valid provided the right-hand side of the last relationship is 


positive and not too small; it becomes zero at n =7'; andn=n'g. After some rather cum- 
bersome transformations we obtain 


@) = © (%)) = —c(ch & cos j cosy’ + shEsin nsiny), 
4 id (88) 
@” (%9) = — EV nat : 
(ch? & — Xo) (9 — Cos* n) (% — cos? n’) 
and the stationary phase method yields expressions 
any m') = 2 Fel, Tp (n,n!) = 2, (89) 


corresponding to geometrical optics and approaching Eqs. (78) and (80) for n = n'y and 
large negative values of €,(x—-z‘), when the asyrhiptotic relationships 


Uys Sites 


f(Q)=2ibe ® , g)—%e *® >—oo). (90) 


6. SCATTERING CHARACTERISTIC 


At the end of Section 4 we found expressions for the scattering characteristic y(n, 7'). 
The conclusion given should be supplemented, that is to say, it should be proved that the 


first term in the integral of Eq. (65) gives the first wave TiHg() (kp), and, moremover, 
we should derive an expression for y(n, n') for the case in which it represents an ordinary 
ray. Here we will use a slightly different method based on the following formula 


F 0H (k 0G 
G = niH (kp) + +4 [ G a gEee H® (kr) an | dl, (91) 


which expresses Green's function G at any point in terms of the primary wave and in terms 
of the function G and its derivative with respect to the outer normaldG/0n at the boundary 
ellipse & = €; r is the distance between the point €, 7 on the ellipse and the point of obser- 
vation &, n. Under the boundary condition (6) we have 


ate 


Lary 2 J 
YM, 1’) ie Wk \ ee (n, n’) edn, (92) 
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and under the boundary condition (7) we have 


. 
i 


é he 4 = ’ a ; = 
r(m 9) = See | Toa, w') evan, (93) 


where 
= —c(chE cosy cos yn + sh Esinnsinn). (94) 


If Eqs. (78) and (80) are used for the functions I’, and I's near the stationary phase 
point (7 ~ ny), the integrals of Eqs. (92) and (93) can be calculated by the more precise 
stationary phase method (see Ref. 11); in this case the "rapidly varying" phase of the inte- 
grand is equal to 


o(n) =€,(5—5,) +9. (95) 
The roots of 7; and ng of the equation w'(n) = 0 are determined by the relationships 


=e sh cos y ch€ sin 
’ V ch? = —cos?y ‘ *V ch ~—cos? y 


V ch? — — cos? yn, = ee ‘ (96) 
V che — cos? n 


sin), = 


cosy, = € 


The expansion of the function of Eq. (95) for 7 ~ ny, takes the form 


aS é .. 
= = s', s=%—tZ,, 
(1) = o(n,) + on 
o@)= G (6, 3) ee é,(s, 3) — FA, | 


the meaning of A, being the same as that of A, (see Figs. 1 and 2). 
Taking the coefficients ae and dp /d& outside the integral sign (for 7 = ny) and 
| 


using the integral expressions (79) and (81) together with the relationship 


{ rf ie (s+ - s) 


2Cyl ds, (98) 
we obtain the following equations 
r(n, v= — VM) MEA 206 Oe 0) (99) 
and 
(nf) = — Y/R) A ey POA 8 ey ay, (100) 


equivalent to Eqs. (68) and (71), respectively. 

Equations (99) and (100) show that the scattered field is formed in the following way: 
rays coming from the source 7! at infinity are tangent to the cylinder at points m'; and 
n'g and give rise to diffraction rays 1 and 2. where ray 1 circles the cylinder in the posi- 
tive direction(€, = 1) and ray 2 does the same in a negative direction (€, = — 1). Ray 1 may 
reach the observation point 7 at infinity, by merely leaving the cylinder at point 7, and 
ray 2 may do the same by leaving the cylinder at point No (Fig. 2), and in the process they 
may circle the cylinder any number of times before being separated. 

If the argument €,(7,— 2’) is negative, the function y(n, 7 ') does not give the diffraction, 
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but an ordinary ray which is governed by geometrical optics; if the ray grazes the surface 
(at a small and finite | 7,—z,|), the geometrical optics approach requires a more accurate 
representation by means of Eqs. (99) and (100). In other cases expressions (89) have to 
be substituted into Eqs. (92) and (93), and the rapidly varying phase will be equal to 


(yn) = —c[chf cos 9 (cos y -+ cos n') + sh€ sin y (sin n + sin n)]. (101) 


- The stationary point No is determined by the relationships 


COs = 1 = sh 5.008 io ; 
V ch2&—cos’y, 
sipped eee ae No 
V ch®E— cos? No 
én y V ch? = — cos? y, = ohgselig 
neane 


UNG hms 
Fig. 2. Points of contact 
! t 
> Ny» Ny and No. 


(102) 


while w''(ng) = -w(no) + 0. The usual stationary phase method reduces to the equation 


r(a =F AM cos 2% oto md — = LM (ny)1"Y/ cos I" eiatn, Gey 


which corresponds to geometrical optics (compare Eq. (51)) and is close to Eqs. (99) and 
(100), since for large negative arguments, ©, the functions f(¢) and g(¢) are approximately 
equal: 


(a teen 


a Le 
5 A (€) ae lise > 12 (104) 
CONCLUSION 
The principal results of this research can easily be generalized to cover a convex 
cylinder of arbitrary shape (oval, parabolic, hyperbolic, and so on). If the observation 


point and the source lie close to the surface of the cylinder, Eqs. (46) and (47) are 
applicable in them M(n) is related to the radius of curvature of the cylinder p(n) by 


M (nm) = [22)", (105) 


and o, x, y and y' are obviously equal to 


k dl kh 2 kh’ 


where d/ is the element of the arc of the boundary contour, and h' and h are the shortest 
distance from the observation point and source to the surface of the cylinder (we are again 
designating the coordinates of the observation point by €, 7 and the coordinates of the 
source by &',n'). If one of the points tends to infinity (€'— oo), the corresponding coordi- 
nate n' loses its conventional meaning and becomes a polar angle, while Green's function 
takes the form 


ae ieee 
D(g, n; &’, 0’) sive 2 ow OnE, m1), (107) 


in which r' is the radius vector. The formula applicable to the function I (€, 7; 7') is 
Eq. (77), which for large negative €,(x— z,) must be supplemented by the laws of geomet- 
rical optics (see Ref. 8). For functions (78) and (80) these laws assume the form of 
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Eq. (89), in which wo is the phase of the plane wave on the surface of a cylinder. 
If both points are removed to infinity (>>0, §&’—>oc), then it is of interest to note the 
scattering characteristic y(n, n') as determined by the relationship, 


1m) = arn 0), (108) 


in which y(é, 7; 7') is the "secondary" part of the function [.(€, 9; 7'), i.e., the waves 
scattered by the cylinder, and r, 7 are the polar coordinates of the observation point. The 
scattering characteristic y(n, n') for an arbitrary convex cylinder is calculated from 

Eqs. (99), (100) and (103). 

We should recall that each function [ or y corresponds to either a diffraction on an 
ordinary ray (or else a pair of ordinary rays) and Green's function, according to Eq. (14), 
is equal to the sum of the contributions of all the rays, with diffraction rays circling the 
cylinder more than once usually making a negligible contribution. 

The limits of applicability of these asymptotic formulas can be estimated using the 
numerical results obtained earlier for a sphere [9, 10] and a circular cylinder [11]. Spe- 
cifically, the scattering characteristics as given by these formulas are certainly valid for 
kO min > 5, while the functions I, and I's are certainly valid for ko ,,jy > 10, where Pmin 
is the minimum radius of curvature of the cylinder. 

We should point out that direct plotting of a series analogous to the series of Eq. (27) 
has been done before for other problems (see, for example, Ref. 14). But transformation 
of a series into a contour integral makes the method more flexible and effective. In par- 
ticular the contour integrals (49), (63), (69), (72), (79) and (81) introduced by V. A. Fok 
and tabulated in [15] give the transformation of the diffraction rays into ordinary ones, and 
vice versa. Thus we have obtained a more complete solution than J. B. Keller [12] who 
limited himself to the residue series (diverging for x < 0). 

This method can be applied to the asymptotic solutions of all diffraction problems 
(both electrodynamic as well as acoustic) which can be treated by the method of separation 
of variables. 
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DIFFRACTION OF A PLANE 
ELECTROMAGNETIC WAVE PROPAGATING 


ALONG THE AXIS OF A CONE 


A. 8. Goryainov 


This article gives the rigorous solution of the problem of the diffraction of a plane 
electromagnetic wave on an infinite conducting cone in the case in which the wave spreads 
along the axis of the cone. In the region where the scattered field takes the form of a 
spherical wave, formulas are derived for numerical calculation of the scattering charac- 
teristics, and the results of the calculation are given. Formulas are obtained for the 
functions of the correction field due to the narrowing of the surface at the apex of the cone. 
The graphs given for these functions make it possible to evaluate the part played by the 
point of the conde in diffraction of electromagnetic waves. 


INTRODUCTION 


During the diffraction of electromagnetic waves on a finite conical surface, the dif- 
fraction field can be considered to be composite and to consist of a field defined by the 
laws of physical optics and a correction field determined by additional currents near the 
edge and the apex of the cone. The physical optics field is defined as the field created by 
a current whose density is expressed in terms of the magnetic intensity vector H of the 
incident wave by the known relationship 


j= 2 [ad] (a) 


(fis the external normal to the surface). Near the apex of the cone, the current defined 

by Eq. (1) is supplemented by the current whose origin is linked with the sharp convergence’ 
of the surface at the apex. This additional current is concentrated mainly near the apex, 
and the correction field created by it in a finite and 
infinite cone is therefore identical, provided / simwy >, 
where / is the length of the generator of the finite cone; 

dX. is the wave length, and the angle y is shown in Fig. 1. 
In this case the correction field caused by the apex can 

be defined as the difference between the field obtained 
when the problem of an infinite cone is rigorously 

solved, and the field obtained for it by the laws of physical 
optics. In view of the concentration of the additional cur- Fic. 1 

rent, the correction field will appear as a spherical wave g- 

at great distances from the apex of the cone. 

This article considers the exact solution of the diffraction of a plane electromagnetic 
wave on an infinite cone with a flare 2(1-y) < 7 in the case in which the plane wave is prop- 
agated along the axis of the cone. In the region 0 <¥ < 2y-7, where the scattered field 
takes the form of a spherical wave, formulas are derived for numerical calculation of the 
scattering characteristics, and the results of calculations are given. Functions are also 
obtained for the calculation of terms in the scattering characteristics corresponding to the 
correction field, and graphs are given for these functions in the same region 0 < t< 2y-7. 

Thus, the article basically studies the effect of the apex of the cone on the diffraction 
field. Diffraction at the edges of a finite cone can be calculated on the basis of the results 
given in Ref. 1.. 


1. EXACT SOLUTION 


In studying the diffraction of electromagnetic waves on an ideally conducting infinite 
cone in free space, we will use the Debye potentials, (u, v), through which the components 
of the electromagnetic field in a spherical system of coordinates (r, p, 0) are determined 
from the equations 
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E, = ($a +) (ra), 


ile ey ik Ov 
Hy = r Oroe (rw) + sin $09 ’ 
* 4 eo OD. 
Ee r sin § Or 0g (uy 0d’ (2) 


a \ 
H,= (a aL ke ) (rv), 
ik Ou Ao 


a sind dM a5 r Or 99 (72) 
Ou 1 Che 
Heals ao =| rsinS dr dp (rv), 


where k is the wave number in free space. The Debye potentials are the solution of the 
wave equation 


Au+ku=0, Av+kv»=0; (3) 
the presence of the cone ¢ = y, 1/2 < y < m (Fig. 1) is taken into account by the boundary 


condition 
E, = E, =0 when 9=y. 


When the plane electromagnetic wave is incident along the negative axis z 


0 0 —ikz 
LE. = — H,=e 


(the time factor e-iwt is omitted here and from now on) the total diffraction field has the 
potentials 


TVy 


TCOS@ a (2v,,+1) cag Pe cos 7) 


} 
1 
sf ik?r VA(Vnt i)sinav, 0 9, ae (cos }) ‘Poi (Kr), 
baa te Py, (COS 7) 
ae (4) 
—i—_— pacing 1 PP. 

Ske sin no = (2y,, ae ; ay Py me ey (cos 0) ap (kr) 

( ae sin 1 oz Pi, Pr ’ 
= bn By Ma a4 (cosy) ° J 


se 


where pt (cos X) is the associated Legendre function; w(x) is the spherical Bessel function 
related to the normal Bessel function by the following 


1p (2) = V F418 


the numbers Vy and py are the eignevalues of the boundary problem and are determined 
from the equations 


P.(cost)-= 0; oa P.., (cosy) = 0 


The solution of Eq. (4) is exact, and it satisfies all known requirements; the method of 
obtaining it is given in Ref. 2. The series in Eq. (4) contain the usual inherent defects of 
exact solutions of diffraction problems: slow convergence at large values of the parameter 
kr, difficulty in finding the eigenvalues, the impossibility of physical interpretation of the 
solution, and the presence of untabulated functions. Hence, we will transform the series 
in Eq. (4) into contour integrals for further analysis, using the method of residues: 
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_ cos@( (2v+1) e 2 Pi (—cos7) 1 
2 32 sin sv PG) Gas ee 


=i ee pk (— cos 7) 

oe Sings (2c) ver dys av 1 

2k?r \ v(v-+4) sin mv) a Py (cos 9) tp, (kr) dy. 
Ds ay P, (cos) 


The contour D; (or Dg) encloses the zero functions P) (cos yy) (or os Ph (cos y)), excluding 


* the points v= 0. Let us draw the contours C, C1 and L as shown in Fig. 2. Let us replace 
the integration along Dy; (or Dg) by integration 
above the contours Cj and C (contour L encloses 
the zeros in sin mv, beginning at v = 1), after 
which in the integral above C we replace v by 


ae $ , and represent the integrals along L by a 


series of residues, then 
u=U,+ Uy, V>=U+ %, 


in which 


i— Ty } 


Gun cos =i9 
uy = ae \ ve ® Py (v) pa (kr) dv — 
Cc 2 
; 1 o si 
— 1cos g ctg? a tg oS : 
b =z sin @ nee 
my = AG | ve Pa) 4 (br) av 
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as leg eto ka 
— t sin p cla? + Ue oy rae 
2 P! (— cos 7) 
_ tcospyi 2n+1 n 1 
Uo ir SEA in P! (657) P7, (cos 9) pn (Kr); (5) 
ee d 
ae => PL (==cosyy) 
__ ising get. dys n 1 
Oy a ae pi Ted) Mr : P7 (Cos %) Wn (kr); 
n=1 dy P,, (cos 7) 
pi _ a (—cos 7) P}_ 1 (cos 9) 
2 ; 
Py (v) = — i 
aa _ (cos 7) (ae — z) cos tv 
SP) a (—cos7) P! 1 (cos 9) 
P Up Gamey pane 2d 
WW) = ee 
p= PL ea(COSK)) (" ey any 
Gh Ri os 4 


The second terms in Eq. (5) give the residues at the point v = 0 when going from the con- 
tours Dj, 9 to the contour Cj. Using the formula 


Sy 2n+1 (— i)" Pl, (cos) tn (kr) = 
n(n -+ 1) 

ree 
~~ sin $ 


n=1 (6) 


—ikr cos oe) 


(cos kr —icos 9 sinkr —e 


and the relationship for integral n 
P;,(—2)=(— 1)" Pa (2), 
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we obtain 


cos @ 
sin > = 
sin @ 
sin 3 kr 


Tie (cos kr —icos > sin kr — e—tkr cos 9), 


hy = (cos kr —i cost sin kr — e—*r cos $ ) 


By substituting ug and vg into Eq. (2) we can see that the potentials (ug, vo) gives the inci- 
dent wave field. 

In this way, the transformation of the series of Eq. (4) into integrals has immediately 
made it possible to divide the potentials of the total diffraction field (u, v) into incident 
wave potentials (ug, vg) and secondary (scattered) field potentials (uj, vy). The integral 
representation of the potentials of Eq. (5) also makes it possible to obtain a diffraction 
field in the wave zone for the region 9 < 2y-m7 in the form of a spherical wave. Indeed, on 
account of the asymptotic behavior of the associated Legendre function and the spherical 
Bessel function 


P)_ 1 (cos #) = / = cos (vo + i)+ + O(v-"*), 
)in 


|v|S>1, Jargv} <n—e, e>0 


p 1 (zx) = veer ft ea (v+ 


yee 2 
2 


cls 


; | (7) 
) 
and in Eq. (5) the integration along the contour C can be replaced by integration along the 


imaginary axis. Next, using the property of even numbers in the Legendre functions with 
respect to the variable v, as well as by the relationship 


. eV . TV . mV 


e "y s@=sle Fy © be be ae 
2 2 moet 


I Oh ne 
ae sin Ne (x), 


in which ©, (x) is a spherical Hankel function determined by means of the normal Hankel 
function by the equality 


ty (2) = V Feo 
we obtain 
a co ein: } 
ay = Se _ \ ve * shnvP, (iv) . (kr) dv— 
0 east 
—icos@ ctg? + it tg => : plese , 
(8) 
ee 
ere tae coms Bie 
$1 "7 . e 
ty == Sag! ve * sh nvP, (iv)G  , abe. dv — 
. 1—v— —— 
0 
5 ora 


— ising ctg? Figs Pr 


For kr > vg, where vg is the smallest value of the variable, for which we can omit the 


integration in Eq. (8), the spherical Hankel function can be replaced by its asymptotic 
representation 
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Using Eq. (2) the components of the electromagnetic diffraction field in the wave zone for 
the region 9 < 2y-7 can now be written in the form 


etir 


E,=H3= 0, EV = He = cos gL} (5,7) 


‘tkr? 
eikr 


Ee = — Hg = — sing; (6, 5 —- 
in which 
© © clg? te 
Li (®, 1) = 3) vsh wwPy (iv) dv— s5\ vshawP, (iv) dv} ——, | 
0 0) D, cost | 
20 © 2 7 (9) 
: : ane ctg >z 
L3 (9,7) = <nB | vshavP, (iv) dv — 7 \ vshavP,(iv)dy 
5 0 20s 


In the wave zone at > = 2y-m (the direction of the specular reflection) the spherical 
wave develops into a conical wave spreading in the region 2 > 2y-7. This is expressed by 
the fact that at 3 > 2y-7 the integrals in Eq. (9) eee 


af ee ee | ~4 Se een n L et J 
0 110 120 Ga 150 160 170 180 90 10 120 130 140 130 160 170 160 
° Ve 


Fig. 3 Fig. 4 


The functions Li o(? , y) can be determined the scattering characteristics of the plane 


wave on the cone. They are positive, real and increase monotonically as 9 > 2y-7, They 

were calculated with a Strela (Arrow) electronic computer for 0 <3< 2y-7-2°, 

96°< y<178°;A% = 2°, Ay=2°. About forty hours of computing time were required for 

these calculations. The results for some parameters are given in Figs. 3 and 4. 
Equations (9) for narrow-angle (y < 7) and wide angle (y = m/2) cones at 3 = 0 can be 

simplified by using approximate formulas in the first case 

P. (608 y=- = tg Chm colds vn a (—cos ¥) = — z(" 4. ra sin ¥, 


iw— 


and by using the first formula in (7) for the second case. For narrow-angle cones the 
scattering characteristics are approximately equal to 


Be) =e) 


and for wide angle cones they are 
( 
Has =a) 
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These results agree with those given in Ref. 3, and also with the results of physical 
optics. 


2. THE FIELD ACCORDING TO THE LAWS OF PHYSICAL OPTICS 


The physical optics potentials u,, v, (the subscript p is used to designate values per- 
taining to the physical optics solution) satisfying Eqs. (3) will be sought in the form 


(P*_ 1 (cos) P*_ , (—cos 1) ) } 
Sy cos@p F 55 2 2 
ae \ Fo) ae ) re cos 9) Pes sneees 7) i ed | 
P* 4 (cos) 5: Pe eae (— cosy) } eg) 
mp = 22) Goya (er| 2 — av, 
Ce 2 Las cos iF hae (cos ¥) j ; 


in which the top line in the braces should be taken for 3 < y, and the bottom line for 3 > y. 
The contour Co is shown in Fig. 5. The boundary conditions follow from Eq. (1) and can 
be written as 

He Hee eed, 

d=y—0 _ %=y-+0 
He 1B? ore 


@ 
Imy $=y—0 d=y+0 


Co in which the components of the magnetic 
0 Rey intensity vector of the incident wave are 


Hy = — sing sin ye-ikr os + 
0 ot 
r Jae as — cos per cosy, 


Fig. 5. 


Using Eqs. (2) these boundary conditions and the expressions for the Wronskian 


d d 
P' 1 (cos Da Dig agelee cosy) — = P,_ 1 (cosy) P* , (—cos7) = 
2 2 2 en oe 


D) 


= — (v? 7) cos Av (11) 


sin ¥ 


can be reduced to the form 


1 5 \ G (v) (v° 2 =) ~ 1 (kr) cos nvdv = — e-ikrcosy 
C 


| 

mr’sin? Y 4 5 | 

ik We % fh ealiesee ( arma ( 
von \ F (v) (v —z)¥,_ a (kr)cos mwdv— Ne (viv z) x (12) 

‘ d —ikr iS | 

x d (kr) We + (eg sgh ime ) 


To determine the functions G(v) let us multiply the first equation in (12) by & 1 (kr) 
ae 
in which Rev > Rey) and integrate with respect to r from 0 tooo , and then we obtain 


a ke 2 (ww) S 
i \ (v) (v _ z) COS IV STE dv = 
co 
= 1 sin? % \ e— ikr cos 1G , (kr) dr. (13) 
0 Lm iy 
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Here we have changed the order of integration and used the relation 


From now on in the calculation of the function G(v) from Eq. (13) we will follow the method 
set forth in detail in Ref. 4; as a result we obtain 


w 


Gu) = : : \ e—ikr cos yf (kr) dr. (14) 
ke (v—) COSY ¢§ a, 


When finding the function F(v) we use the fact that 


(a t+) (er) =F FY y, (er). 


r 


Applying the operator (GF + Kk?) to the left-hand and right-hand sides of the second equation 
in (12) and using Eq. (14), we obtain 
=\ F (vy) (v? — =) oF ‘ (kr) cos nvdv = — msin¥ (cosy + 

2 


Cy 


+ ikr sin? 7) e—tkr cosy , 


Using the same method as in solving Eq. (13), we obtain 


(ee eee he SEE NRIs ry en a 
(v) (aay on | Sinai \ e-tkr cos yf ‘ (kr) rdr + 
0 arn 
+ STS | ents eS (yar. (15) 
Fy 2 


The integrals on the right-hand side of Eqs. (14) and (15) can be calculated using the 
relation 


r ae tae 
e re eo)” (GL) ue 
\ e—ikr cos ¥ sa (kr) dr (ik sin y)?t1 cos mv oo Ce a 
ry e 
3 
Re(q + 5 +¥)>0, Imk>0. ! 


This relation may be obtained by expressing the integral in terms of a hypergeometric 
function, which is one of the representations of the associated Legendre function (see 
Ref. 5). 

Let us replace the right-hand sides in Eqs. (14) and (15) on the basis of Eq. (16) and 
substitute G(v) and F(v), into Eq. (10), and we will then obtain integral representations 
for the physical optics potentials; in the region } < y we will have 


ewe Say yube 
Up op ne 4 ar ve me Dra cote 
si - Te — 
at cee a ch (v? —=) cos? mv 2 
“ a a (— cos 7) P'_ 1 (cos 0) eae (kr) dv. (17) 
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To check whether or not the solution is correct, let us substitute the functions G(V) 
and F(v) given by Eqs. (14) and (15), having first substituted Eq. (16), into Eq. (12). The 
integrals obtained thereby will then be represented by a series of residues. Next, using 
Eq. (6) we can see that the substitution makes Eqs. (12) into identities. 

We have thus obtained an integral representation of the potentials in accordance with 
physical optics; it is similar to the integral representation of potentials in the exact solu- 
tion; both solutions are plotted by means of associated Legendre functions and spherical 
Bessel functions, and the integration contours enclose the positive part of the real axis. 
This fact makes it possible to represent the correction field potentials in the wave zone 
fairly simply in the form of a spherical wave spreading from the apex of the cone. 

As was pointed out earlier, we calculated the characteristics of Lj 2(9, ¥) for the 
wave zone in the region ¢ < 2y-7, hence there is no need in this region to make any par- 
ticular calculations of the correction field. All we need do is derive simple results for 
physical optics for kr > 1 and 6 < 2y-7. These results may be derived by setting up an 
expression for the vector potential using the current determined by Eq. (1). The trans- 
formations arising in the process are elementary; the final expressions take the form of 


ikr 
EP = HP =0, ER = H? = cos gL (#,.%) — , EB = — HB = 


: etkr 
= — sin pL (9, ii ares 
kr3>1, 0<0< 2y—7, 


in which 


sin? cos 7 


4.cos = [cos (+ = +) cos (7 + P| ; 


/ 


L (8, 7) (18) 


In particular at $6 = 0, we obtain the well-known equations 


eikr 
i 


r ’ 


Es = He =~ sin p tg? 7 
evkr 
ikr ~ 


ER = — HB = — + cosgtg*y 


The numerical values of the scattering characteristics of L1_2(0, y) from Eqs. (9) 
together with the simple equation (18) solve the problem of the accuracy of physical optics 
in the region in which the scattered field takes the form of a spherical wave 
(kr > 1, 6 < 2y-7), and also makes it possible to determine the correction wave in this 
region numerically. 


3. THE CORRECTION FIELD 


: By definition, the potentials of the correction field (Ug, Vq) are determined in the 
orm 


Ug = Uy — Up, Vg = V1 — Vp. 


Let us substitute into this equation the earlier derived exact solution potentials (5) and 
the physical optics potentials (17), and let us reduce the contour Cg in the latter to the 
contour C temporarily; then using the Wronskian from Eq. (11) we obtain 


feces 

4 
we COS @ Cy ousk 

Ug = — eee 1, (9,7, ip) Yo a a (9,7, 7): 


ee 


in which 
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Let us show that for all values of 9 in the wave zone and v,, are spherical wave 
potentials. To do this we will represent the integrals ieee , ©, ¥) in the form 


Tv 


Kyo (8,7, 7%) = \ ve? Pya(v) Lies CON De (kr) dv + | 
t 


OQ 
t 


. 7v 


(19) 


F(vy)= sin [(2y — x) v] 
cos Vv cs 


With the aid of the first of Eqs. (7) it is easy to see that at | vi > | arg vi< =@, ee 
we have 


{Qe FO) 0), 


and the module of the functions ve? P,,2(v) If (v) — F (v)] decrease as y-3/2, This fact 
makes it possible to replace the spherical Bessel function for the wave zone in the first 
integral of the right-hand side of Eq. (19) by its asymptotic expression 


ap ae (kr) = cos (Gas oe a (20) 
2 


v 


In the second integral in Eq. (19) we will replace the integration along C by integra- 
tion along the imaginary axis, which is possible on account of the asymptotic formula (7). 
Then repeating the same arguments as for transformation of Eq. (8), we replace the 
spherical Bessel function in this integral by Eq.A20) and obtain 


“it. 
Tio (87) 1) = Sg— el” | vem Py,» (WEF (v) — F (w)jdv + 
Cc 


oy 
+L -etir | vPy o(v) if (») —F (wl dv + 
(6) 
i= —ico = —ico 
+* Cue \ vP,,2(v) F (v) dv + © ames \ ve—iny Py, (v) F (v) dv. 


If we now replace C in the second integral on the right-hand side by the imaginary axis, 
the terms with the coefficient e-ikY disappear because the functions P1,2(V) and F(v) are 
even. We finally obtain 


tg = — spate | ve Px (9) I/ (9) — F ()] dv — 
c 
ee) \ vcossv P, (v) F(v) avl, : 


(0) 
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my = — SD ete {\ ve-i7¥ P, (v) [f (v) — F (v)] dv — 
c 
ico (21) 
—2 \ v cos mvP, (v) F (v) dv} : 
In these expressions the contour C may be replaced by the contour [, shown in Fig. 5. 
The integrals in Eq. (21) converge for the entire range of the parameter 4. The numer- 
ical calculation of the non-uniform component of the field using Eq. (21) has not been made, 
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but we have calculated the functions ut 9 (8, Y) corresponding to the correction field for 
the region $ < 2y-7. They are determined from the equation 


Li, 2(%, 1) = Li, 2(8, 1) —L (3,1). 


Lt 1B 0 : 
Graphs showing the functions rime = — — for certain values of 9 and y are given in 
Figs. 6 and 7. 

Comparison of the results shown in Figs. 3, 4 and 6 and 7 suggest that the physical 


optics field is close to the true field at }~0; when % increases over the range 


0'<3 < 2y -7, the functions Lt g(?; yy) increase monotonically and provide a correction 


of the order of 10%, which shows the part played by the correction field in diffraction on a 
finite body with an apex. In Figs. 6 and 7 the graphical interpolation areas are shown 
with dotted lines. At }~0O the non-uniform component can obviously be ignored. 

In conclusion I would like to express my appreciation to L. A. Vaynshteyn who was 
in charge of the project. 
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INCIDENCE OF A PLANE ELECTROMAGNETIC WAVE 
ON A PLANE GRID (CASE IN WHICH THE H VECTOR 
IS PARALLEL TO THE WIRES) 


A. N. Sivov 


A solution is found for the electrodynamic problem of finding the coefficients of 
reflection and transmission when a plane wave strikes a plane grid at an angle in a case 
in which the H vector is parallel to the wires of the grid. The grid spacing is taken as 
small compared with the wavelength. The shape of the wire and the dielectric filler, 
which is different, generally speaking, on different sides of the grid, have been taken 
into account. The equations derived allow, in particular, a limiting process when the 
wires are brought together to an unlimited extent. The fields near the wires are also 
found. Equivalent boundary conditions are also derived for a grid and for a system con- 
sisting of a grid and a solid metal screen. 


1. FORMULATION OF THE PROBLEM. INTRODUCTION 


An electromagnetic wave, in which the magnetic field vector is oriented parallel to 
the wires, strikes a plane infinite grid formed by parallel wires obliquely. The space is 
filled with a homogeneous dielectric but, generally speaking, the dielectric is different on 
each side of the grid. On the assumption that the grid spacing is small compared with 
the wavelength, we have to find the transmitted and reflected fields. The solution of this 
problem is undertaken to investigate the attenuation and phase characteristics of waves in 
periodic waveguides, taking into account the period, geometry of the wire and dielectric. 

Let us introduce the rectangular system of coordinates x, &, y) related to the grid in 
the following way: the axis ox is perpendicular to the wires and lies in the plane of the 
grid, o€ is directed along the wires and passes through the center of the section of one of 
them, oy coincides with the normal to the grid plane. 

The space above (y > 0) and below (y < 0) the grid is filled with homogeneous dielec- 
trics with dielectric constants €, and €g. Throughout all space w=1. The grid is formed 
by parallel, ideally conducting metal wires of an &arbitrary cross-section, which have two 
axes of symmetry ox and oy. The grid spacing p is small compared with the wavelength 
infree space X, insuch a way that the dimensionless parameter kp (k = 27/X) is small. 

The dependence of the fields on time is taken in the form of exp (iwt). Since the direc- 
tions of the propagation of waves are perpendicular to the wires, and the grid is uniform 
in the direction &, the problem is plane (the field does not depend on the coordinates &, 
i.e., 0.../ 0€& =0). Fig. 1 shows a typical field area bounded by the contours Ty (5' - 
4'-3'-2-3-4-5) and fg (4 - 3 -2' - 3! - 4'-5'), A plane wave with components 
H¢, Ex, and Ey strikes the grid from y'< 0 at an angle @,. The reflected wave goes off 
in a negative direction of the axis y"', and the original wave, now passed, spreads at a 


refraction angle 9, (sin Qo = SiD Ver in the positive direction of the axis y'. The areas 
2/ 


5'-5 and 5' - 5 are at sufficient distances from the grid to ensure the formation of plane 
waves. 


2. AN EXPRESSION FOR THE FIELDS IN THE FAR ZONE 
IN TERMS OF THE FIELDS AT THE WIRE CONTOUR AND THE PLANE y = 0 


To discover the link between the fields in the far zones (areas 5' - 5 and 5' - 5) and 
the fields close to the wires we will apply the Lorentz lemma (see, for example, Ref. 1) 
on the contours rj and fg. As auxiliary fields E! and H? (i = 1;2) figuring in the lemma, 
it is more convenient to take the fields of the plane waves in space without a grid and with 
a plane interface between dielectrics at y= 0. The directions of propagation of the 
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auxiliary waves will be selected in such a 
way that they are "head-on" with respect to 
the true fields, i.e., the field E1, H1 (head- 
on field with respect to the reflected wave) 
comes after the wave striking the interface 
in the positive direction of the axis y", and 
the field E2, H2 (head-on with respect to 

the transmitted wave) is the field of the wave 
striking the interface on the opposite side 

in the negative direction of the axis y' (see 
Fig. 1). 

Let us designate ao, = sin @;, and Aj = 
=cos @¢j. Let us write the expressions for 
the true fields in the far zone and for the 
auxiliary fields: 


Fig. 1 
te Te kV ea t .ganls BaP —tkV ea xe pitt 7 ie 
Reel ac Ver 
H} == pete Very” Eh = Bol eu ave EB} oot eT} ies oe 
Vez Vea Hea} 
o ikVey’ tkVegy” 2. Be) ON) eee, —ikVegy” 
ese + Rye Sapliy 5 eel MED ); 
Ver 
A ey 7 Vea 
Jor Ve (e + Rye ); 
(1) 
—ikV e, , : Ve, ” Ji Vier 4 _ Ve ~ 
Ht Ser VueRe” ie Eee Bi (e ik av” elt = 
&1 
7 —_— Vv iy’ iV. = 
Ey = a tk Pagid oe ma 
&y 
KV ey" iKV ey’ —ikV yy” iV ay’ 
Hi fs ; nee Bi ay nhs fy’. 
i Ze Tyas fe ); y<0 
1 a ikV xy” ikV ay 
E, = Va (e Re Ns 
€) 
inV ey’ eas OFER 
He= Ten ey . Ain __ Biles oikV ew ER ae oT 2 ginV ew 
Var Vex 


Here R and T are the known coefficients of reflection and transmission; R; and T; are 
the coefficients of reflection and transmission for the auxiliary waves which are found 
from the simple problem of the incidence of plane waves on a plane interface between 
two homogeneous dielectrics: 


BV &2—BoVer . 2BiV e2 = 
Rye See aa a oer 7p _p BVe 
Reeve’ > Vath eave: | Seton ema amg 


(2) 


On the straight lines 5' - 5' and 5 - 5 the relations 


H (p/2) = H(— p/2)e~*; E(p/2) = E(— p/2)e—; 
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H' (p/2) = H' (— p/2)e%; E*(p/2) = E*(— p/2)er: y = ikV'& np. (3) 


are satisfied. This leads to the vanishing of the integrals along the segments 5' - 5' and 
5-5. Taking it into account that on the wire contour the tangential component of the 
electric field Eg = 0, we come onto the known relations linking the fields in the far zone 
with those at the wire contour and on the line y = 0 between the wires: 


\ (ESH,—E,Hi)de= | Biteds+ | (BiH, — By!) ae; 
(5’—5) (3’—2—8) (4’—3"), (8-4) 
| . . (4) 
\ (E,Hi — Et H,) dx = \ EiHds — \ (ELH, — EH?) de. 


(55) (3—2—2’) (4"-8’), (3-4) 


Substituting expressions for the fields from Eq. (1) into the left-hand side, we obtain 
oz \ E1H ds + \ (ELH, — E,.H}) dz; 


(3’—2—2) (4’—8"), (34) 


2 
= (R,— R) = \ ELH ds — \ (ELH, — EH?) dz; 
4 (3—2—3') (4-3), (3—4) 
2 7 is ° : 9 
== c= \ EiHgds+ \  — (ERH; — ExH?2) dz; (5) 
o (3’—2—8) (4’—3"), (3-4) 
2p p 2 Heads — 2 
222, \ E2H,ds \ (E2H, — E,H?) de. 


(3—2—3’) (4’—8"), (3-4) 


Thus, the coefficients R and T (i.e., the fields in the far zone) are expressed in terms 
of the field on the wire contour c: 


2BiP (RR) = ct Ba 
Va 1 ) f Betteds 


2Bep 2 ey 
= § E3Heds. 


3. FIELDS NEAR THE WIRES 


Let us find expressions for the fields near the wires. Replacement of the wave 
equation by the Laplace equation leads in our case to an error of the order of (kp)2. 
Hence, if the solution of the equation y2H = 0 is found to an accuracy within terms of 
the order (kp)*, we can take it that this solution represents a true field with the same 
degree of accuracy. We should stress, as follows from Eqs. (5), that this solution will 
only be used at a wire contour and on a line between the wires. Thus, we will find the 
quasi-static solution satisfying the requirements: 

1) The values Hg and a are continuous on 4' - 3' and on 3 - 4; 

2) 0H; / én =0on the cross section contour of the wire (n is the external normal to 
the contour). 

The first requirement follows from the continuity of the tangential components, and 
the second from the fact that the tangential component of the electric field on the metal 
Eg is equal to’ zero. To determine the type of solution we must make some conformal 
transformations of z1(z) and z9(z), transposing the regions Dj and Dg of the planes of 
the complex variables z1 = x1 + iy, and zg = xg + iyg to the region D of the complex 
variable z =x + iy. The correspondence of the points is shown in Fig. 2. Let us seek 
the solution to the problem throughout the region under consideration in the form 
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YyAt z2, ‘on Yoil Zr 5; 


Dp 
He = (Ag + Boys) (1 + Coa) 
y > 0, (7) x j2-3 42 
Hey = (A; + Byy,) (1 + C122) 2 
y<0. ms 
4 Zo Ome 35 
ae a We +o0 


Fig. 2 


Here y,(x, y) and xg(x, y) are the imaginary and real parts of the transformations z1(Z) 
and z9(z); Aj, Bj and Cj are constants. 


Let us determine the functions xg and y; beyond the bounds of the region D from the 
conditions 


yA(—z, y=", Y); 

n(z, —y)=—(%, y); (8) 
L_(— 2, y) = — 4% (x, y); 

Lg (Z, —Y) = 2 (2, y). 


Let us join the constants. 
1) Atthe segment 3-4 H¢gg = Hé1, y1 = 0. This givesus Aj - Ag = (C2A9 - AyC)x2 


and since xg = const, this equality is only possible at Aj = Ag, C1 = Cg (we can set 
Cy =C, Ay =A). : i 4 0H: 
2) The component of the electric field E, is found by the formula L,;= ie, oy 


‘ € 
and since 3-4 dx,/dy = 0, the conditions Exg = Ex, leads to the relationship By, = Boe 


(we can set By = B). 
3) From the condition Hei (p/2) = H¢i(-p/2)e"” and x2(-x, y) = -X9(x, y) we can 


easily find C = -ikv€,0,. Thus, the field near the wires can be represented by two 
constants A and B in the form 


Hy= (A+ = By) (1 —ikV ega,2,) for y>0, 


(9) 
Hz, = (A+ By,) (1 —ikV e,a,0,) for y <0. 


A and B are determined from the basic equations in (5). It is further shown that B is of 
the order of kp, hence v7He is of the order of (kp)2, i.e., the solution found is the true 
field with the assumed accuracy. 


4, CALCULATION OF KNOWN VALUES 


Let the contour of the cross-section of the wire be given by the equation y = y(x). 
When calculating the integrals along the wire contour of Eqs. (6) we will replace the 
exponents by the first twg terms in an expansion with respect to ky (the vertical dimen- 
sions of the wire will be assumed to be small compared with the wavelength). Omitting 
long intermediate calculations, we will write expressions for R and T in terms of the 
constants A and B: 
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Te (Ra'— R) = — ikpV @, [20 + 08 (4+ 2) 2] 4+ [Be (1+ 2) At 
+ ikp Vz, (1— £2) Aa] Bp; 


= T) = —ikpV & [22 +2 (4 i 5 L| see 


+ [Bi (t+ 2) di—hpV&(1— ©) Aa [Bp oe 
b 


S 


b 
2k ‘ 2] 2 
(= 5 LS aa \ my Che AN =\ nde; As= = 


b 

Dp? = \ unde. 

0 0 0 

The functions under the integral sign are taken at the points of the contour; y' is the de- 

rivative of the function y (x); S is the area of the wire section; 2b is the maximum dimen- 

sion of the wire in the direction of the axis ox. A and B are found from the first and fourth 

equations in (5). When calculating the integrals along the segments 4' - 3' and 3 - 4 itis 
p/2 

essential to know the value \ 5 de . This integral can easily be found by noting the condi- 
b 


tion under which the integral along the closed contour I’; from the function dy,/0n is 
equal to zero; it proves equal to p. As a result we find the constants A and B: 


a2 SYA 95 y) poms es stale HV er (11) 
Gee Gy CDi Du £,G D 
at Sure ae 2 eal 
Goo E2 2 &1 Gog ' Dos 


Substituting A and B into Eq. (10), we find the final values for R and T: 


Gis Dis ei etea)/a De 

je Goo Dos ig oa R,; flee Goo &2 Daa iy, (12) 
Gy y/ada ‘ % Gn /aPn 
Gag &2 Doe Cae &2 Doe 


€ 
Here 
Gin = Bn —(— 1)" ikpV en (1 + ofL); 
vray €. 
Dp = s(—1y" Dope BnAs + (kp)? €; (B2A, — a2As); 


b 


\ (2 = 22) yry'de. 


i 


2; 
As == 


5. THE VERIFICATIONS OF THE LIMITING CASES 


For q = 2b/p — 0 (b +0) the coefficients R and T become R, and Ty. But this limiting 
process only occurs as kp +0. In other words a reduction in the spacing leads to an increase 
in the leakage of the field through the grid. 

Let us ascertain the behavior of R and T as q-1 (transition to solid filling, i.e., to 
corrugation). To do this it is simpler to use another transformation, to wit, we make a 
conformal transformation of the upper half plane of the auxilliary complex plane w (Fig. 2) 
into the region Dj, of the plane z, in such a way that the points —~, 0, 1, o, + ~ of the 
actual axis of w become the points 1, 2, 3, 4 and 5 of the plane z;, respectively. The 
transformation is written in the form 


wt (13) 
ae ee 


io} 


a= z arc sin i 
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The parameter o depends on the shape and relative size of the wire. To calculate A;we 
- have to know the values of y; along the segment 2 - 3. For this segment 0 wi—t, hence 


y= Im 4% Bg nee (14) 


As gq ~1 (the wires approach one another without limit, b +p/2 90-1, yy ~% (we should re- 
call that the requirement ky, < 1 has not been made, we have only hadky < 1). Here we 
note carefully in the integrals determining A;, the main terms tending to infinity (it can be 


shown that the singularity of the expression (V1—w-+Vo—w) at the point w = 1 is inte- 
grable for o +1): 


A>; A, > 41; A> —4(L+ LD); BRA, — o?A, > 4 (14 BL). (15) 
P P P 4 e P i 
Substituting these expressions into (12), we find for q =1 


Ph. Upp eee Ee (16) 
Bi — ikpVeq (b+ aL) ” 

which was indeed expected. At the normal incidence $, = 0 (8; = 1; a = 0) we can write 

Eq. (16) for R in our approximation as 


inVe,® 
eae Ye ee (17) 


For a rectangular wire, this equation, as should be the case, gives the phase lead for a 
simple shift in the negative direction in an ideally conducting plane. Thus, given normal 
incidence of a plane wave onto a plane corrugated surface with an arbitrarily shaped cor- 
rugation, the phase lead in the coefficient of reflection is proportional to the cross-section 
of the figure formed by the corrugation. 


6. WIRES WITH ROUND AND RETANGULAR CROSS-SECTIONS 


For a grid made of round wires we can use the exact Bloch transformation [2] for our 
calculations 


nee 
sin (z + hd) 


_ % x (18) 
sin (z — Ab) 


Here b is the radius of the wire; m and are parameters depending on q. If the wire is 


thin (q < 1), the incidence is normal (¢j = 0) and €1 = €2 = 1, use of this transformation 
leads to the equations 


R= 3ikl, T =1— ikl, (19) 


coinciding with those obtained in Ref. 3. The results obtained by Lamb [4] and Gans [5] for 
this case in a problem under the same assumptions are erroneous. Their results do not 
take into account the ring current around the perimeter of the wire section, which led to an 
error in the reflection coefficient of 1-1/2 times. A numerical calculation of R and T was 
made from Eqs. (12) using the transformations (18) for the parameters Cane) hea. cea 

~, = 84°*, and kp = 0.1, 0.2. The results of the calculation of the function of q are given in 
* This angle is equal to the Brillouin angle in the expansion of the waveguide E01 wave in 
a circular waveguide into plane waves, ka = 23.13 (a is the radius of the waveguide). 
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Fig. 3 
For rectangular wires the conformal 
transformations z(w) and zj(w) take the form 


2= 3 mss Het 


0 


To ee : pat 
+ ic; 2, = — arc sin saps (20) 


are ie du 
2n Vu(o—1—u) ~ 


Here 2c is the dimension of the wire in the direction of the y axis. The parameters o and t, 
which depend on the relative dimentions of the wire, are found from Eqs. (5) and (6) in 
Ref. 6. For some values of the relative dimensions of the wire in this work calculations of 
o and t have been made. The dimensionless parameter 7, L and A;are determined from 


c b 
2 2 
=| 22 (b, Y) dys Ai a \ nl, c)dz; Ag= Ay 
0 0 (21) 


[= ie 


€ 


2 
As = -,\ [%2(b, y) — 5] (6, y) dy. 
0 


7. EQUIVALENT BOUNDARY CONDITIONS 


The derived coefficients of reflection and transmission make it possible to set up the 
local boundary conditions equivalent to the actions of a grid. Indeed, after the calculation 
of R and T from Eqs. (1) we know the true fields for regions lying above the straight line 
5' - 5 and below5!' — 5 (It should be recalled that these segments are found in the plane 
y = 0, as plane wave fields (bearing in mind that this extension is not a true field), we 
thereby introduce at y = 0 a certain semi-transparent infinitely thin film on which there are 
definite discontinuities in the field components: 


He, — Hey = (T —R—1)e™; 


- - Be ed sper rain 
Ex_ — Ey = Fe D4 Va (R 1)] ey; (22a) 
Byp—En=| [2 (+R) — We T | e~. 


correspondingly, 


He + Hy => R+ 1)e; 


; pL en (NAR 7 gle OL pee Sp) Vga r. 
Fxg + Exy ae 1 Ve (1 tok es (22b) 
jpn Oh Pas We iat = (14 R)|e~. 


Clearly, the effect of this hypothetical film is equivalent to the action of a true grid, 
since the fields in the far zone are maintained. The discontinuity in the components of the 
field of Eq. (2) can be considered as equivalent boundary conditions, which have to be 
posed at y = 0. These boundary conditions can be used to calculate the attenuation and phase 
characteristics of Eon waves ina spiral waveguide. For the particular case when the grid 
is made of strips (c = 0) and €j = €g = 1, these boundary conditions coincide with the cor- 


responding conditions obtained in Ref. 7. 


55 


8. CALCULATION OF THE EFFECTIVE REFLECTION COEFFICIENT FOR 
A GRID-SCREEN SYSTEM. BOUNDARY CONDITIONS. 


Let us consider a system (Fig. 4) formed by a grid and an ideally conducting metal 
plane placed at a distance r from the grid (r is sufficient for the formation of plane 
waves). The space between the grid and the 
solid screen is filled with a dielectric with a 
dielectric constant €g; underneath the grid 
(y < 0) the dielectric filler has a dielectric 
constant €,. Let us calculate the coefficient 
of reflection for this system Rog. 

Let us replace the grid by an equivalent 
film: the field in the region y < 0 will then 
be represented in the form 


co 
He, = ekKVav 4 ReikVau 4 >) AM), 


n=1 


Fig. 4 (23) 


in which the sum in the right-hand side is the field which arises as a result of multiple 
reflections occurring in the region between the film and the screen. By calculating this 
sum, for example, at the point x = 0, y = 0, we find an expression for the effective coef- 
ficient of reflection 


UiTs 


Ree | 
ton ol canis (24) 


Here R* and T* are the coefficients of reflection and transmission when a wave from the 
medium (2) strikes the medium (1). They are obtained from Eqs. (12) for R and T by re- 
placing the subscripts (1 by 2 and 2 by 1). The derived coefficient of reflection makes it 
possible to set up the boundary condition equivalent to the action of a grid-solid screen 
system, for y = 0: 


PRES 6 
Ex = nA, = 1 ia : (25) 
1 


The boundary condition can be used for calculating the phase velocities of Egy waves ina 
helical waveguide with an all-metal sheath. By substituting the expression for the field 
components into Eq. (25) we obtain the dispersion equation 


tJ q (x) : 
Tita) = — inka. (26) 


In conclusion the author wishes to thank B. Z. Katsenelenbaum for the great interest 
shown by him in the above work, and also for very valuable advice. 
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TT AND T RIDGED WAVEGUIDES 
UNIFORMLY BENT IN THE E PLANE 


Ya. A. Yashkin 


Systems of equations are derived relating the cutoff wavelength to the dimensions of 
the cross section of 7 and T ridged waveguides uniformly bent in the E-plane*. The appli- 
cation of the equations is illustrated by the calculation of the cutoff wavelength of the bent 
7 ridged waveguide. 


INTRODUCTION 


The transverse TE waves usually used in straight 7 and T ridged waveguides, as is 
known, have two electric field components in the plane of the cross section, one of which 
(the main component) determines the wave's polarization (the polarization shown in Fig. 1 
by the vector E is usually used). y 

In studying bent waveguides we shall consider 
a type of wave which also has both electric field 
components in the plane of the cross-section. 
This condition in bent wave-guides is satisfied by 
E waves [2]. The other possible wave (H type) 
does not have an E,-component, and does not de- 
generate into a transverse wave as the bent wave 
guide goes over into a straight section, as might 
be expected, but into a longitudinal wave [3], 
which is not normally used in straight 7 and T 
ridged waveguides. Since the propagation of 
waves in bent waveguides is in the coordinate 
direction ©, if we use the cylindrical system of 
coordinates z, r and, there is no propagation in this direction at cutoff frequencies and, 
consequently, the terms containing derivatives with respect to @ drop out of the initial 
equations. From now on it will be assumed that the waveguide has perfectly conducting 
walls and is filled with air (€ = y= 1). Omitting the term containing the harmonic time 
dependence of the field, we can write the field components in terms of the electric poten- 
tial function Iz = I: 


II = I1,1], = [A’ cossz + B’ sin sz] I], = Acoss (z — a) I1,; (1) 


zt Waveguides bent in the H-plane are considered in Ref. 1. 
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r= 9zdr ’ 


. a ; 
£,=o0 He=—jkge; E.=|pr+h|0; £o =H, = H.=0, ) 


which in its turn, satisfies the wave equation ~ 


Sse CM)+en0 


r 


in which k = 27/) is the propagation constant of the wave in free space (A is the wave- 
length). 
The function 7, is the solution of the Bessel equation 


6) if Ol. 
r or Ms or P wil = 0, (4) 
where 
“2 ke ae $2, (5) 


and s2 is the separation constant. 
The solution of Eq. (4) when x is not zero is expressed in the general case by the 
linear combination of Bessel and Neumann functions of zero order: 


II, = AyZo (ur) = ApJ (ur) + Ago (ur). (6) 


As is known [4], an E wave in a bent waveguide of simple rectangular shape or a TM 
wave in a coaxial waveguide (the cutoff case in a bent waveguide corresponds to steady - 
state oscillations in a short-circuited segment of the coaxial line) may degenerate into a 
TEM wave, whose components are related to the potential function 7, which is the solution 
of the Laplace equation obtained from Eq. (4) when x = 0. The solution of this Laplace equa- 
tion takes the form [4] 


WB linia (7) 
In what follows we shall use the solutions of Eq. (4) for various x, including x = 0. 
1. 7 RIDGED WAVEGUIDE 
Let us split the section of the bent 7 ridged waveguide (Fig. 1) into three simple rec- 
tangular regions 1, 2 and 3, and for each of them let us write the general solution of the 


wave equation (3) in the form of an infinite sum of partial solutions corresponding to different 
,values of x, but corresponding to one value of k (since according to Eq. (5) for x = 0 s =k): 


I, = ys Ilim = Aigo cosk(z—a;) (Inr + B,) + >; Aim COS Sim(Z—%)Zo(Ximr), (8) 
m=0 m1 


in which i = 1, 2 and 3 is the number of the region. 
From the boundary conditions at the walls of the waveguide 


AL inn 


(Meee es a (9) 


it is not difficult to show that: a = 0; ag = a (@ is the unknown parameter determined 
from the continuity conditions); %m—=%3m—m-e are the roots of the equation 


Jo (xR) No (%xR3) — No (xR,) Jo (xR) = 0; (10) 
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XQm are the roots of the equation 
Jy (%Ry) No (xRe) — No (xR) Jo (xR) = 0. (10!) 


Since the Xin are determined from the boundary conditions, the constant sjm can be cal- 
culated, given the propagation wavenumber k: 


Sa we (11) 


“ The problem is to determine the wavenumber k of Eq. (3) for the boundary conditions of 
m7 along the complex contour of the waveguide cross section. To do this we shall "join" the 
solutions at the boundaries of the simple regions. 
The continuity requirements on the field components Eq. (2), along the line z = d, 


at dM, 
az0r Ozor 


_ Ot _ aM 
Ey Orne tore 2) 


lead to two equations 


co 
ened ; 
Ajo ae — SS Aym¥imSim Sin (Sima) Z; (X1m7) = 
m=1 
ksin k (d = y 
= Aggy SEE 99) S) AsentamSzm S10 Sem (dy — 9) Zs (Hem?) = =, (13) 
m=1 


os) 
kd. 
Ae COS hay By Aim*im cos (Syma) Zy (%1m1) = 


r 
m=l1 


[oe) 
cos k (dy — a 
=A, a => > Aom*om cos Som (d, —— Obey) Zy (HamP). 
m=1 


(14) 


Considering Eq. (13) to be the expansion of the function w (r)/r into a Fourier-Bessel 
series with respect to Z, (% 1%) in the interval (RjRg), and with respect to Z, (2m?) in 
the interval (RjRo) (m= 0,1, 2.. .), and taking into account the fact that the function 
w(r) under the integral sign is zero along the conducting segment (Rg - Ro); we can ex- 
press the coefficients Aj,,, and Agy, in terms of the unknown functionwi(r): 


R, = Rs 
\ 2 dt 2\ W (E) Zy (Hn) dE 
A,,= eh Re ; Aim = — * ; C2 
> een bala rn 8mm S10 (Syma) [Rg2q (mAs) — RY mPa) 
Py (e) 
\ eat 


Ri . 
A 
k sin k (di — ae) lng 
R, 
2 W (&) Zt tam) a 
R, 
SiNS yy (da — 2) [RZZr (Ham 2) — RUZ? (%omRi)) 


(16) 
Agm= ee 


Som*om 


Substituting the above coefficients into Eq. (14) and transposing all terms to the left- 
hand side of the equality, we obtain the integral equation containing w(&): 


R, 


| ¥@) Pr, §) db =0, a 


Ry 
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in which the symmetrical kernel is represented by the expression 


Pee ctgkd; 1 1 — ctgk(dj—m) 1 1 


2 ee ee 
Ee pine ae 
1 ; nae 
co 2 ctg s),21 ae 
Zi (uamr) Za (% pees 
ar Ze Sim [RpZ? (%mFs) — RE ZF (Xm Ra)] 1( im ) 1 ( ate) 


co 


2ctg s,,, (di — a 
= 8 Fem(t , : — Z; (Xemr) Zy (Xom&)« 
ny aml Ry Zy (Hymn Ra) — By Zy (%oqy, 1] 


The solution of the integral equation (17) will be found by the Bubnov-Galerkin method. As 


a first approximation, the unknown function w(&) is assumed to equal some constant, and we 
obtain the relationship 


R, Rz 


ee t)drd& =0, 


Ry Ry 


(19) 


which relates the wavenumber (and, therefore, the cutoff wavelength), as well as the un- 


known parameter Q, to the dimensions of the two neighboring rectangular regions. The 
solution of Eq. (19) takes the following form: 


Ry 
In a { 
ctg k (dy — a) = etg kd, + 
In =i \ 
Ry 
In AL £2 
Re Cte 81d he Ota Rs) 
+ 2k : 20 
In? () m=1 Sim Xen [R3 Zi (Kim lie Ri Zi (Xm R,)) ( ) 
1 


Let us write Eq. (20) ina slightly different form. Let us express Z, and Z, in terms of 


functions [5] of a small radial sine (sn) and cosine (cs) according to the following relation- 
ships: 


Zen RNS Jo (Xt Rj) N, (Coppel ty — ne )Iy (Xm Ry) a 


No (1m 

D(X Rp % ym Ry) 

No (*im Ry) P ee) 

J .) N a 7 i 
Wi (4m R;) ah et (“1m R;) 0 a: ae R;) Jo Chae Rj) 
1m 

_ 6s (%ymF 3» hm Rj) 

No Crm oe : (22) 


Noting that the radial cosine for identical independent variables takes the simple form [6] 


CS (Xim Fy, Xm Ry) = — 


Why mR,’ 
Eq. (20) can be written in final form as follows: 
In = 
ctg k (dy — o%) = —>> jctg kdy + 
vn 
1 
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CLE S yy G1 Sn? (%1m Rs, Xm Ri) 


In? () Mm=1 5 R2 
Ry Sim rim [RS CS* (Xm Ra, % 1m Fa) — 


ae 
= 

w 

ita 


: (23) 
= 


It is not difficult to show that for large Rj and R,, the radial sines and cosines may be 
replaced by the asymptotic expressions 


4 SD (XymRj, Xm Fy) rn VI ay es —R,)], Le 
CN aigal tte Re pele) TV’ 
while the number 1m Can be replaced by the expression 
tim = eos (25) 


From Eqs. (25) and (24), setting Rg - Ry =b; Ry - Ry =g, and letting the following 


R, R; 
expressions approach their limits Ry In 3 ane 5 RK in i 7 & (x a i it is easy to 
obtain the expression for Eq. (23) at the limit, Rien applies aS a straight waveguide: 


ctg k (dy — ay) = 


‘j ene a cc é) aa 
= ctg kd, + 2k > a UCN | 
m= Fe) 


Equation (26) proves to be identical to the corresponding equation obtained in Ref. 7 by 
a direct solution for the straight non-symmetrical 7 ridged waveguide, which justifies our 
treatment of Eq. (23). Equation (23) contains two unknown quantities, k and @9. In order to 


determine them we require a second equation, which can be obtained from the continuity 
conditions of the solutions along the line z = do: 


é 
ctg k(d, — %) = Fi ctg k (dz, —a) + 
"Ri 


(27) 


te oie Ha 19k SI CU 859m (dz — 4) 80” (%q yn Fev %ym /1) | 


n2 ce m=1 $M im] 25 es? (Kim Rs, ym Fa) a 


Thus, Eqs. (23 and (27) form a characteristic system for a 7 ridged waveguide bent in 
the E-plane, when the bend occurs onthe smooth side (Fig. 1). If the bend occurs on the ridged 
side (Fig. 2), the characteristic system has a different form: 


Rs 
In Fe | 
ctg k (dy — o%:) = Rs ctg kd, 4 
D R, | 
Rs 
e In Ry Dike ys ctg Sim d, sn” (%m Ro, Xim Rs) (28) 
eae ee : ; 
In2 (3°) M=1 $y Kram Een — RECS? (Xym Rv Xm Rs)| 
ay 1m 
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nz | 
otk (dy — a) =~ Bese aN, 


DR, 


cs co 9 
n Ry af s ct Sym (d2 — a) sn? (pm Ro, Xm Fs) 


- & ? 
Bifsee: = 2 me Yr 

In =) m 1 Sim Mim | Ty Ry cs (45m Ra Ham Ff 
i . im 


(29) 


The system of equations (28) and (29) is 
not identical with the system of equations (23) 
and (27), hence the result of bending a 7 ridged 
waveguide on one side or the other in the E- 
plane will not be the same. Obviously, this dif- 
ference gradually disappears as the waveguide 
becomes straight. 


2. T RIDGED WAVEGUIDE 


The characteristic system of equations for a bent T ridged waveguide is obtained by 
joining the solutions for each of the three regions (Fig. 3) along the lines z = dy, do. Omit- 
ting the derivations (which are exactly the same as for the above case), we shall write the 
final expressions obtained to a first approximation 


Ry 
In R | 
ctg hil, = i. ghee! =e 
In R, 
ines ee d 2 ; 
+ Ri CLE Sym (€1 — Oz) SN? (Hom Ro, Hom Ry) 
R; a ane 4 30 
In? a) M=1 855, Kom [#3 C8? (X54 Ray Kom Ps) — aid (30) 
Ry 
ctg k (dz —a) = a ctg k (dg — ag) + 
hie 
Ry 
Rs a 
na i CLS Span (da — Ota) SH? (seymn Rar Xan Fa) 
2 in? (22 = 2 | pe oer 4 (31) 
n Ry ™M=1 Som Xam [23 CS? (Hoy Fr hom 1) — nx? | 


2m-+ 


Just as for the 7 ridged waveguide, the effects of 
the possible E plane bends in the T ridged wave- 
guide will not be the same. The differences in the 
result of the bend again disappear when the wave- 
guide becomes straight and the system of equatiot! 
(30) and (31) at RjR, +1 goes over into the known 
system [7] for a straight non-symmetrical T 
ridged waveguide. 


Fig. 3 


3. SOME DESIGN DATA 


If we seek the smallest k for the waveguides under consideration, it ought to be found, 


a to Eq. (11), among the values less than any arbitrary %im- This condition means 
that 
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Sim = J V en —K? = jsim (32) 


are pure imaginary quantities for allm=1, 2,.... 

Thus, the characteristic systems for the waveguides being discussed here in the case 
of the smallest k will have negative hyperbolic cotangents in the summation, instead of cir- 
cular cotangents. 

Below, we give results from the calculation of the least wavenumber k for a non- 
symmetrical 7 ridged waveguide bent on its smooth side (Fig. 1). The calculation was made 
on the basis of Eqs. (23) and (27). Only the first term of the sum was calculated (it is not 
difficult to show by using the asymptotic behavior of the Bessel functions that when m in- 
creases, the terms of the sum decrease at least as fast as 1/m“). The values of the roots 
of %;,,, were taken from Tables in Ref. 5. 

Figure 4 (curve 1) gives the results of the calculation of k as a function of d, which is 
the distance of the protrusion (Fig. 1) of fixed 
dimensions (a2 = 0. 34;b/g = 2) from the sidewall 
of the bent 7 ridged waveguide. The curvature is 
characterized by R3/R, = 4. In the calculation 
it was assumed that: a = 7, a/b = 2. Curve 2 in 
Fig. 4 shows the same relationship k = f (d,) for 
a straight 7 ridged waveguide. The dotted line 
in Fig. 4 shows k for a bent rectangular wave- 
guide (R3/R, = 4) without a ridge (g =b). This 

Fig. 4 value can be obtained from Eqs. (23) and (27) 
in the limit as Rg >Rg. 

From the given data it is clear that the bend in the 7 ridged waveguide in the E-plane 
leads (with the exception of small d,) to an increase in the wavenumber and, therefore, toa 
decrease in the cutoff wavelength with respect to that of the 7 ridged waveguide. On the 
other hand, the addition of a ridge in an already bent rectangular waveguide leads to an in- 
crease in the cutoff wavelength for all dj which are not very small. For small dj the addi- 
tion of a ridge in a bent rectangular waveguide may, in fact, lead to a reduction in the cutoff 
wavelength. 
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INVESTIGATION OF CAVITY SYSTEMS 
WITH ANISOTROPIC REGIONS 


BY THE EIGENFUNCTION METHOD. 
PART Ill. WAVEGUIDES 


V.V. Nikol'skiy 


Part I investigated a cavity resonator with an anisotropic region; the present paper in- 
vestigates an analogous waveguide. The problem is presented in a form which permits ap- 
plication of machine computing techniques. 


1. STATEMENT OF THE PROBLEM 


Let us discuss a waveguide (see figure) — an ideal conducting tube (cross-section So 
with contour Lo) — containing an anisotropic cylinder of cross-section S. It is required to 
find the propagation constants, i.e., the longitudinal (complex) wave numbers of the possible 
modes of the system. ghons een 

The medium (compare Ref. 1) is characterized by permeability tensors e(r) and p(7),, 
which are given as 


Ne et ah ecede | 
”) = within S — Sp, ea) _, } within S. (1) 
Be (7) = pol w(7)=p ) 


It is assumed that for a "hollow" waveguide the complete 
system of eigenfunctions is known (see Ref. 2, section 22) as 
a combination of longitudinal and transverse components of the 
possible H- and E-fields. These fields obey Maxwell's equa- 
tions, which in the present case are conveniently expressed in 
the form 


curl ; Hy + jV's (Hs, 29] = joeBy. (2) 


Here I’, are the logitudinal wave numbers of the possible (E or H) modes of the waveguide, 
associated, as is known, by the equality 


MR=kh— xi (i= Elo) , (3) 


where Xx. represents the transverse wave numbers. 
Let us introduce the quantities: 


Epa 5 ested BE, 
cae rit! tor E-fields ae ee | for H-fields (4) 
Hy, = Hix Ay = tating) 
where 
= te : a $5 hs 
Bix=—jf—ViEm, Hyx=7—SIVl En, Zo], 
Xk Xi (5) 
Ai.~=—j 7 Vil, Hin = ioe te, Vi Hx). 
k 
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Orthonormalizing the Ek, Hy fields in the form 


2 \ EjxEnds — po | HH, ds = Skns (6) 
So So 


we also have relationships 


_) Se re > T2 
e, | Ey tA ARS i Ont ty | Lr in Oke = a Orns (7) 
Bs 0 ‘Ss 0 
we sa tee ie 
8 \E EES ds ie x Sens bo | Ak lil pth = ae Orns (8) 
Sh 0 So 9 
Eo \ Ebel vs ds = Hy \ Hindi = 0, (9) 
Sh So 
\ [Bi, Hn] ds = — Bin. (10) 
So o 
In addition, the following equalities will be used: 
fee ey ne es eee GTS (11) 
ie rel wes Zo], Naa [Z), Hin], 
ae Tr; > > => = 
Eun = Gy lH Zo], H y= FZ, Ha], (12) 
> aes 
Curie Plone Hiltbe (13) 
curl | Ei,= => 0, (14) 
curl | ne — Fee (15) 
curl. | Heys = i £ By Tey (16) 
curl , Hinks => ‘OF 4 (17) 
curl ) Hy: i joe,E x « (18) 


2. EIGENFUNCTION EXPANSIONS 


__Let us designate a certain possible mode of a waveguide with an anisotropic cylinder 
as E, H and its corresponding longitudinal wave number as I’. Since because of the condi- 
tions of the problem, within the waveguide the only possible discontinuities are those of the 
transverse components of the vectors E and H and we have solenoidal (#,,, H,-,) as well as 
(E1x, 4 \,) transverse eigenfunctions, there is no direct necessity to convert from field in- 
tensities to the corresponding inductions (as was done in Ref. 1). In the given case the ex- 
pansion may be based on the form 


E = Sy (Cage ae Ate Em) + > Amb in | 


m 


mn moe: we (19) 
H = >) Bim Hite (Bas Bae Bia Hn) J 
and then from Maxwell's equations 
curl, H — jT [Zor E| = —jop(r) A, (20) 
curl | H sl le, 25] = joe (7) E 
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we may find the relation between the unknown coefficients in the form of six infinite systems 
of equations. However, it is even more convenient to use the expansions of the inductions 
> > > > pa > 


D=e2(r)E and B=p(r) FH. 

D = & » (Azm lips + Aim Tie) + & > Ain Ev, 
si é ehaidd:- (21) 
B= Ho > Bim Aim ar 1, (Barfint Bie Hin), J 


since in this case the number of infinite systems is reduced to four. 
Thus, with a view to using expansion (21), let us proceed from Maxwell's equations, 
written for D and B: 


curl ; & 1 (7) D— JT [z,, ay ”) D| =— joB, | (22) 


curl yp? (7) B + jP (u4(r) B, 24] = job. 


Taking the first of these equations, let us multiply all of its terms by H*,), and both 
sides of the complex-conjugate of Eq. (16) by ¢*1(7) D. Combining the results, and taking into 
account the identity 


pl 


> 


B curl , A— Acurl, B = div, [A, 1, 


integrating over Sg and using the two dimensional analog of the Ostrogradskiy-Gauss 
theorem, we find 


7 > > > > > 2 > ofFTmU€> 
\ [e2(r) D, Hx] ndl = — jo\ BH; ds + ioe \ E | 4,871 (r) Dds (23) 
Lo So Bo 
(iy is the unit normal to S,). 
Introducing here Eq. 21) and considering the properties of the medium of Eq. (1) as 
well as the orthonormalizations (6)-(9), we obtain 


A= Qj Amey | Ey Aert Eamds + 3) Aime, \ Biyx Aer Bim ds + 
fe 8 m 8 


—s. --12, 
+ Aime, | Bia de, EOS — Ebr (24) 
n 8 


Subsequent operations are similar. From the first line of Eq. (22) and of Eq. (17) we 
have the equality 


oom lO > ae Had Raum : > 
\ fe (7) D, Hy] nd — j wi | E\,€1 (7) Dds = ~ie\ BH ads, (25) 


which leads to 


Ai + ys Arn E> \ Ex Ne, ee ds -+ >; Aim& \ Ea Aes Fis ds ak 
™m 8 § 
Dy 


aR » Ain Eo \Evn Age Bue is= = Bes 


} (26) 


From the first line of Eq. (22) and of Eq. (18) we have 
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\ (e2@) 5, Hine dl — joey 5 \ Ee (r) Dds = 
Le Eh 


=— jo\ # H'4,Bds + joey \ Eget (r) Das, G7) 


So So 


whence 


Auto (3) Aamea| Binder" Eimds + YW Armes |B her Dim ds 


>. < > Lr 
+ YA 1 & \ Bix Mer En as} e es his 
n S 


k 


2 
pees | Bin Aer Bem ds + y! Aime \E pAer 1B im ds 4 
Yr, re = °2 1m °) ae ip EER) 


> Arg Ge Ke 
+ Alin 24 Ey Aer’ Ey ds| = 4 Bi. (28) 
n Ss k 


In the same manner let us combine the second Maxwell equation (22) first with Eq. (13), 
then with Eq. (14) and, finally, with Eq. (15). We thus obtain the following three equations: 


oe v7 inp) (7) Bds = \ Di: ds, (29) 
Se So 
rr a 
za wt \ Aap 1 (r) Bds = \ DE’, ds, (30) 
° 5, So 
ip Sp) se. Se Se Ser, Sry Se >. 
Tho Hien 1(r) Bds = — | Hy (r) Bds +\ DE} nds. (31) 
So So A S 


From Eq. (29)-(31), as was done above, we obtain 


>, o_o >. o> 
Bix+)d Batty \ Hi Apr! Hinds + >) B nb \ Hy App’ H nds + 
n we s 


+ DBimby| Hip mds = Ay, (32) 
oe s 


Bin + QBinty\ Hix Ape Hands + 3 Bing | Hie Ay Hinds + 
n n Ss 


Ss 
> o oe it: 
+ 2 Bimbo \ Hi, MMe" H jmds =>" Ayn, ae 
7 Ss 
By + FB Boot Hint Au; * Weds 
-+- By Bia \ Hin Aur? H,,ds a >) Bin Lo \ ie Aus? Hien ds\ + (34) 


Ss te Ss 


Sy Ocal es eeeena ya 
=F 2 Bixt+ ine Fee > zno tk avr ands + 
Xi k Xie n 3 
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si DW Binbo\ His Aur? H nds +- 3) Bim Ho \ Hin Aur Hj mas} = Ay. 
® Ss We Ss 


Thus we have derived six relationships, Eqs. (24), (26), (28) and (32)-(34) relating the 
unknown coefficients 42m, Ajm, Ajm, Brn, Bynand Bim. With a variation in the subscript 
k(k=1, 2, 3, . . .) they give rise to six infinite systems of equations. Introducing for the 
sake of simplification the infinite-dimensional vectors 


A, — (Az. Az, Az, Site ), 
Ag= (Aq Ave, Ailey) 
Ag = (Aji, Ai, Als, -- -)s 
B, = (Bu, Ba, Bzs,---), 

B, = (By, Bis, Bis,.--), 
Bs = (Bin, Bye, Bias +++), 


we thus have 


Gil Ar + NG Ao +R] As= Bi, | 
{Gill Ar + | Gl] Ap + ERI As = Bo, 


| 
Ge] Ar + | Gell 4a + GE As = Bs, (35) 
| Mik | Bi + | Mix Bo + | Mix | Bs = Ar, 
jan] By + [REI B, + |RE|Bs = Ay, | 
| Mii B, =i Mz | B, = || Meer | Bs = As. ) 
The form of the matrices | G7 and | mif|is easily seen from Eqs. (24), (26), etc. 
Thus, for example, 
|mit| =T {wy y+ [rr Ho |i Bie H  4ds|\\ 
(not all of the matrices are written out). 
3. DETERMINING THE PROPAGATION CONSTANT 
As is seen from Eqs. (32) and (33) and, consequently, from Eqs. (24) and (26), 
1%, 
Ay, = = Ai, (36) 
and 
lr, 
[Bin == TT Ale (37) 


so that the number of independent vectors IT reduces to four. 


By means of Eqs. (36) and (37) let us eliminate vectors A; and By from Eqs. (35). Thus 
there remain only four matrix equations 


| Gel As + ER 4s = Bo, 

| 2] A, + 1B] Ay = Bo, 

| Be] Bs + SHE] By = As, | eo) 
) 


| Mie] Bo + |MR| Bs = Az, 
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wherein the elements of matrix ||¢/f| have the form 


22 i. = if See Ce 
Gig i 71) Ve Ag, + las ds + im Eo ( Lyn Ag, 2 E\x ds, 
8 Ss 


<> 


C= x (di + & \ Bi, Mes E yy ds) ; 
s 


~ a oe [2 De >, > Com, => 
GR = big + 00 | Bus Mey By ds + 09\ Bes Aer? Bye ds + 
0 3 3 
' ee ies T C(t Sue 
ik eg | Es Aey E,ds + 7 e)\ Ei Ae, Ends, 
33 T* <1 iy Rt KCB 
Gif = 0p | Ei Ae, Ends + 7. &\ Bis Aer E\xds, 
Ss Ss 


and those of M%? are obtained from ee by replacing E (with appropriate subscripts) with H 
(with the same subscripts), €g with Uy and Ac,* with ‘Ap,". 


It is not difficult to eliminate all but one of the vectors in Eq. (38). With By remaining, 
let us write the following matrix equation: 


{CE || MEE | + CE | ME | — 1) Bo — ¢| C2 MI | + ERI MED x 
te = = - be = 2 = 39 
3 E21 HE | |S Ny HE | — 19> VE HZ + SU NBD 2) 


or, more briefly, 


Giz] Be = 0. (39a) 


The equation for the propagation constant IT is obtained by setting the determinant of 
this matrix to zero: 


= 0. (40) 


CONC LUSION 


Compared with the problem of the waveguide transformer [3], the problem of the wave- 
guide with a regular anisotropic region discussed herein is more abstract. This, however, 
does not exclude the practical significance of the results obtained, for computations may in 
a number of cases prove considerably less laborious than for the problem in Ref. 3. It is 
particularly easy to determine the propagation constants of waveguides completely filled 
with an anisotropic (e.g., gyromagnetic) medium. 
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ERRATA 


1. Throughout the paper (parts I-III) the problem has been formulated in Maxwell's 
equations. It is more convenient (particularly in Part I) to take as a basis one of the second- 
order equations, e.g., 


> > ey Ere omic 
LD=o?D, L=curlp (rjcurle? (7) (1) 
or 


> > —> _- > 
MB =o B, M =curle (rycurlp (7). (1a) 


Then the elements of the matrices|€,,|| and ||M,,|| in Part I Eq. (10') assume the 
simple form: 


Enn = &0 \ E*LE,, dvandM,., = bo \ H,MH,, dv. 


| (2) 


Vo Vv, 
2. In the expansion of the vector B in Part II, in accordance with Gubo's theorem 


(PartI, Ref. 13), itwas necessary, in additionto the rotational functions, to take the poten- 


tial functions (Bn #0 at Sy!). The need for this was called to the author's attention by V.G. 
Sukhov. In inserting the corrections it is necessary to consider that in Eq. (2) of Part II 
among the H;,: there are also those (k = k') for which curl Hy: = 0, which is equivalent to 
the requirement w,: = 0 in Eq. (2). Then, instead of Eq. (2) of Part II, we have 


{[o,,] se I OI nn lb A= oB— pet 
1 .; 
(@q] +1 O,Mi nl) B= @4 — 7 | Oj, Myne | F’ | IB? a= + Ii (3) 


D 


(the prime indicates that the expression deals with a totational function rather than a po- 
tential function). 

In using the results of Part II it is necessary to proceed from the corrected Eqs. (3) or 
in Eq. (6) of Part II to consider only Eq. (5) of the same part. 

Nor is it difficult to obtain the shorter formulation of the auxiliary problem of excitation 
in Part II on the basis of one of the second-order equations. The differential operator of 
Eq. (1),or (1a) is transformed so that the surface integral may be isolated. In essence, both 
B and D are expanded into magnetic functions. The corresponding results are not written out 
here. 


UNIDIRECTIONAL PROPAGATION OF WAVES 
IN A HELICAL WAVEGUIDE 
PLACED IN A FERRITE MEDIUM 


B.M. Bulgakov, V.P. Shestopalov, L.A. Shishkin andI.P. Yakimenko 


We investigated the propagation of electromagnetic waves in a helical waveguide 
placed in a ferrite medium when a constant magnetic field was applied along the axis of the 
system. We determined the attenuation factor and made numerical calculations of the at- 
tenuation for forward and backward waves. 
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INTRODUCTION 


The survey [1] points out that if a helix is surrounded by a ferrite medium and a con- 
stant magnetic field Hg is applied along the axis of the system, it is reasonable to expect 
a considerable gyromagnetic effect in this system. It is also pointed out that 'no theoretical 
explanations have been offered for this effect so far.'' At the same time, the directivity 
coefficient (ratio of backward attenuation to forward attenuation) for this system has been 
found experimentally to be equal to 6:1. The authors of Ref. 2 believe that this directivity 
coefficient is considerably greater than would follow from elementary theory, which de- 
fines the degree of directivity as a function of the eccentricity of an ellipse described by 
the fector of the magnetic field in the plane perpendicular to the constant magnetic field. 

It is rightly assumed in Ref. 2 that the discrepancy between the experimental results and 
the elementary theory is due to the effect of magnetic permeability of the ferrite on the ec- 
centricity of the ellipses described by the magnetic vectors. 

The electrodynamic solution of this problem should, of course, yield the correct value 
of the directivity factor. The problem of the propagation of waves along a helical system in 
a ferrite medium with logitudinal magnetization is solved by the authors of Ref. 3 for an 
ideal case in which there are neither dielectric nor magnetic losses in the medium. They 
show that the phase velocities of forward and backward waves differ from each other; the 
smaller the cotangent of the pitch angle, the greater is this difference. 

This article studies the propagation of waves in a helical waveguide when imposed in 
an actual ferrite medium possessing both dielectric and magnetic losses of a ferroresonant 
nature. The calculations clearly demonstrate the possibility of obtaining fairly large direc- 
tivity factors in the system under consideration (up to 8:1), and this fact can be effectively 
applied in designing ferrite attenuators in travelling wave tube amplifiers. 


1. THE DISPERSION EQUATION AND ITS SOLUTION WHEN LOSSES ARE SMALL 


If the system under investigation consists of a helical waveguide (helix radius R, pitch 
angle @), inside a ferrite casing of infinite thickness, its dispersion equation, as shown in 
Ref. 3 (the case of a longitudinal exciting field), can be represented as: 


in SDE ae (1) 


in which a 
A=YPuU4 Kody | /Ve) 4 (yi) | Zo(yl) Ko(lyl) . 
: " Ki(yl/Ve lo(yp{ dy) ay ’ 
EAE oe —Ai(y|)Ko(lyl) |. 
aaa 8 {e 1 APA AICDBE 
fy — Zolyl/ Vw) Ki (ly) | Ko) oon y- 
\ ANE oC GA ine 


- aS 
a=2-R=kR; y=— R= BR, siny= (FY 
" —i1,y<0 


= (2) 


fy = — 28 ctg@ 


(w is the angular frequency of the signal, k is the wavenumber in free space; 2» is the phase 
velocity of the wave; c is the speed of light in vacuum; € is the dielectric constant; uw and x 
are the components of the magnetic permeability tensor). 

Equation (1) is valid for the case of very slow waves and in the frequency region deter- 


mined by the inequality 
o oh SS Ag : (3) 
(0 = wo/w; wg is the resonant frequency). The case of large slowdown implies the condition 


IP SSH (4) 


Gs 


is satisfied. Since Eq. (1) is taken in this article as the initial dispersion equation, all 
further results will be valid provided conditions (3) and (4) are assumed to hold. 

Equation (1) is derived on the assumption that there are no dielectric or magnetic 
losses. When there are losses in the system, the dispersion equation maintains its general 
form as in Eq. (1), but u,x, € and y have complex values: 


wap tip") x= x’ tin", e=e' + ie) yay’ +iy’. (5) 


The values p and x may be obtained from the equation for the motion of the magnetic moment 
[4] 


dM 7 og ti Hy 
Ge = TIM, H)— FP (MUM, H]), (6) 


where y is the gyromagnetic ratio; @ = AH/2H reg is the parameter calculated from the 
width of the resonant curve (AH is the width of the curve at the level wu" = u';e,/2). If the 
variable components in the magnetic field are small compared with the axially-directed 
constant field, and if the variable field has a harmonic time dependence of the form 

exp (—iwt), then 


if ZF DP he te vx a 
Prebventh Crer dha Berd we ('+ar) 
(1—)4+ 4a (1-3) +455 a 

2 2 
(1—>) +45¢ (1-3) +450 


_ 4nyM 
Cc 


where u = ee is W R, are dimensionless parameters (M is the intensity of magnetizatior 


at the saturation point; Hg is the constant field in the ferrite). 
Typical resonance curves for y' and yw" are shown in Fig. 1. It is clear from these 
curves that at frequencies near the resonant frequency, w'’ may become equal to w', or even 


exceed it. This article deals with a case in which there are small losses, for which the fol- 
lowing inequalities are valid: 


ee x aS a” <8’ Da b> (8) 


Thus, conditions (8) are added to conditions 
(3) and (4). When the values of cotangent Q 
are fairly high, all these limiting conditions 
can be reduced to the fact that the results 
cannot be used at frequencies too close to 
resonant frequencies for cotangent 0 = 10 at 
frequencies greater than 0.95 wo). 

If the conditions in (8) are satisfied, all 
the functions contained in Eq. (1) can be ex- 
panded into a Taylor series: 


Lahti: Rhee hey) (9) 


in which 


=e S): L=1Ys2)s ate Ys 255) 


, 


” " of " of Us u" af, ” af, : 
ficaiy iy? Nate 5 hay a Lg = ; (10) Fig. 1. was function of parameter 
: ; , ; 2mR/Ap at v = 0.52, u= 0.52, and 
iis » fg | » sy at ofs ” of, a=10-2 ; 
Saad, ay’ Sipe mean Ge” tS ape 
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and the dispersion equation (1) takes the form 
RtiR=h tint h+iy. (11) 


Equating the real parts in Eq. (11), we obtain 


Pein (12) 


which coincides with the dispersion equation (1) for the case of no losses. Equating the 
imaginary parts in Eq. (11) gives the attenuation factor for the system 


af, 2h ) (2s af, af, 
a (eae = +" - - eee - 
de oe : Ss as Mx ; (13) 


” 


Let us first consider a case in which the Bessel functions can be replaced by their 
asymptotic values (large values of the arguments of the Bessel functions). This is the case 
when R > oo (the cylindrical helical waveguide becomes an anisotropically conducting plane, 
i. e., a plane helix) or when the frequency of the signal is very high. The functions f}, fo, 
and f2,will then have the following form: 


h=y?A+o); 4 = (e’ +1) 2? ctg?9; 7, = — 2e’a? ctg 8 fae sign y. (14) 


Substituting Eq. (14) into Eq. (13), we find 


a 


‘4 1 W 2 2 _ ZG O . 
4 By CFE) {es tg 84 qerapesiny| + 


o\io 22°C'%'s’ (2 Eh. on" Es Cte @) . 
+¢ ly? + sign y] — ee Tee sign y} , (15) 
in which (a == 4 Vi; re = p/n" Vw. 


In a general case we have to use the functions ii fy; and f3 in the form of Eq. (10). By 
substituting Eq. (10) into Eq. (13) and making the corresponding transformations, we obtain 
an expression for the loss factor in the form 


y” 2”? ctg? © (1 — x’A) — xx? ctg? Oe’ A + 


LAS 
TEP 


y?B — x? ctg? OC + 2e’x? ctg 


K, 2x'e'x? ctg @ (/Actg PM at 
+e [ewe o 4+ =F SE® (ASE _rsyosigny)| 


x’C'? Ry wD (16) 
y?B — x? ctg? OC + 2e’x? ctg @ zee D 
aioe ae aeon( Kee Ke Ee SEG ORD eke Sek, 
in which A= Toe (e we signy; C = PR? ; 
K1Ko (I? — Iol2) + L1lo (KoK2 — K?) 
TKy 
RAKE (RGR Ke eGR Keer) 
Miypvsoe a OM p +6 Koki (KK, uae. (17) 


o} 
ee$) 
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wre hae oe Pay | (hee ‘ 19) ; ne 
= {K; (= KK, + Ki — Ki) — 0K, (e KK? RP aE } sign y; 
KK, —K? 

Ke 
(The primed Bessel functions have arguments equal to ly’ |/Vp’, while the remaining un- 
primed ones have arguments equal to —|y’|). 

If we use the asymptotic values of the Bessel functions when the values of their argu- 

ments are large, we obtain the following for A, B, C, D, and @ in Eq. (17): 


oO — 


_ 2%signy , ~~ So: 
Oia) eae ae Hs Negi 
4 ; 1 (18) 
D=0(;-)>0; O= =p 


After substituting Eq. (18) into Eq. (16) we obtain, as expected, formula (15), eaten de- 
termines the attenuation factor for a flat helix. 

As Hg +0, when the ferrite is demagnetized, x'+ 0, x" > 05 i 0 sea tee and fron 
Eq. (16) we have 


au” a“ (2 K 
y'=e {Fae Ea Cis a (Ko hee D|+ 


y (KoKx—K9). (yKo + ToKi) loKo — Ka) | 
Kx? ctg? ® PR? | (19) 


The dispersion equation of the system for the case under consideration is 


Ope a 
a cig as Boris ed okay (20) 


Substituting Eq. (20) into Eq. (19), after a series of transformations we obtain 


“ u” K, Z 2 
=e (Bh + Sef) trot 


&’ yee Ko 2 rie 
a8 (ax, ieee i (Keke KD) 


which coincides exactly with the expression for the attenuation in the system consisting of the 


helix plus dielectric obtained in Ref. 5 (taking into account the fact that the dielectric is in- 
side the helix). 


2. DETERMINING THE ATTENUATION FACTOR BY THE ENERGY METHOD 


The attenuation of electromagnetic waves propagating through the system due to the me- 
dium can also be determined by calculating the losses in the medium and the total power flux 
along the axis of the system, using the relationship 


pa Bark ee 
y= “oP e (21) 
in which 
Py =a \ IE, H).ds (22) 
Ss 


(Py is the total power flux along the axis; E and H are the vectors of the electric and mag- 
netic fields; S is the surface enclosing volume V); and 
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Fa \iarhs Bye Sel 
v 


- (23) 

(Pel is the density of electric losses at the given single frequency w); 

[Poe \ Pm dv, (24) 
4 

Pm = K— (| He P+ A P+ (Heer — HH ee) (25) 


(Pm is the density of the magnetic losses at the single frequency w; A, = H,, + iHy»; 
H, = H,,+ iH, ina general case). The total power flux along the axis of the system [1] is 
expressed as follows: 


7 
Py = a RE 9 F (m, ctg ®, e’, *', p’), (26) 
0 - 
in which 
he Rk app. (KOK. 
FSi) (mtr te 8 + 7) - oF 1) + 
1 0 \ al ; 
2°e'%' Tl , ik aKa 
e’ (K Ko eal 2A TER SS See (27) 
+ 8’ (Ko ert ieee 1AL9 Ve } gny 
Tl? en's sign K,tg@;m = 
~ m2 (u’ — 1) g y Ojpvee <0, Far 


ae 


As in expressions (17), the primed Bessel functions have arguments |y’ \/Ve', while those 


without a prime have arguments —|y’|. 
The field components in Eq. (23), according to Ref. 1, can be expressed in the fol- 


lowing way 


(28) 


g I ’ Li 5 
Fisestive eek Kee Ves Eesionay: 
ey m \ 3K. ur + Ayr K,° gny 
= e {moll ,’ | Pe 
A, = Se beers Ky, — Ky) i Oe 


(the Bessel functions with the subscript r have an argument which is a function of the current 


radius r). 
Substituting Eqs. (23) through (27) into Eq. (21) we obtain 


R > 
fie lBP +h" (4,2 +1 2,1) + 2%" (HoH, — 1yyHy9)| 7 ar 
” 0 = 
i . 
ReB> 7 (29) 
sere 
Vol Ke 


Finally, after substituting the field components from Eq. (28) into Eq. (29), we can de- 
termine the attenuation factor 


yf se aa eF {e"2? ctg? 0 (1 — x’ A) — x"2? ctg? Be’ A + 
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se leros Meese (Ag8* —vryosmy)} an 


(when deriving Eq. (23) the second order terms were discarded, in accordance with Eqs. (3) 
and (4). 

iin certain transformations the expression for y", of Eq. (30), can be reduced ex- 
actly to the form of Eq. (16). 

Thus, the formulas for the attenuation factor, Eqs. (16) and (30), obtained by the two 
methods, coincide exactly. Before going on to a quantitative analysis of the relationships 
we should make one important comment. It is easy to see that the possibility of obtaining 
y'" < 0 for a forward wave (sign y = 1) follows from Eq. (15). 

Indeed, if 


g Sem (246) (31) 
“SEF eF 


y? = — 22x" ctg 
and 
12 


eC 
ee 


Pa: | 


2n'a? ote 8 — TeHege 


SG ie ely) E (32) 
then y""< 0. 

It follows from the dispersion equation for the system under consideration that Eq. (31) 
can be satisfied, for example, for cotangent @ = 10 at frequencies = 0.9wWg. The inequality 
(32) is also satisfied at these frequencies (on account of the great increase in x'' according 
to Eq. (7), whereas €"' = const.). But if y’< 0, this implies an amplification of the forward 
wave, which in the given case has no physical meaning. In order to explain the result ob- 
tained, let us turn to the limiting conditions (3) and (4). For a case in which y, %, and € are 
complex, conditions (3) and (4) are expressed by the following four inequalities: 


4a?” 
Cee 


, , , 4a*s' ae LL 7M bing JI me 
y?S> wep’; y!S> 5 2y'y"S> 2 (e'w" + pe”); Qy'y" > 


(33) 


The first two inequalities (33) are definitely satisfied at the frequencies and time delays 
which we are considering; the other two inequalities in (33) cannot hold for y''< 0. Hence, 
when obtaining the dispersion equation for the field components and power flux of this sys- 
tem, x“eu compared with y'2 is significant and cannot be discarded. It can be shown that if 
we only use the first two inequalities (33) when deriving the dispersion equation, and con- 
sider that the other two inequalities (33) are not satisfied in the general case, the real part 
of the dispersion equation takes the form of Eq. (12), while the imaginary part is slightly 
changed, leading to a different value 


UM EL + %"Q + pT 
dy’ (14+97-5) (34) 


y 
in which 


L=  otg@| t —2tg®@ (! — | Signy | : 


Vw 
Q » 2e'x? gS sign y pa TRS (35) 
pw’ (44+ —— 
| oa 
Pes pee y'? — 2a? tg @ aT 1\ e’ sign y |.; 
Vu 
8 = date’ (1 — ; 
Vw 


Comparing Eq. (34) with Eq. (15) we note that L, Q and T coincide with the corresponding 
terms in Eq. (15), and 6 is an added term not previously taken into account. It can now be 


shown, using the dispersion equation (12), that there cannot be any zero or negative values 
Oleyue 
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Equation (34) is more exact than Eq. (15) for calculating the attenuation factor; it is 
valid for all frequencies at which the first two inequalities in (33) are valid. As resonance 
is approached, Eq. (15) becomes invalid before Eq. (34) does. Hence, from here on in the 
quantitative analysis of the attenuation of forward and backward waves, Eq. (34) will be 
used for y". 

We should also point out that up to now in our arguments we have not taken into account 
losses in the helix; this can be done in the same way as in Ref. 5. The losses in the helix 
calculated in Ref. 5 were of the order of 10-8. hence their influence as resonance is ap- 
proached is small. 


3. ANALYSIS OF RESULTS 


As an illustration let us consider a number of calculations which suggest certain con- 
clusions regarding the nature of the propagation of forward and backward waves in the sys- 
tem. Let us determine the attenuation factor y'' for a number of values of the constant mag- 
netic field Hp characterized by u = YHoR/c; the intensity of the magnetization of the ferrite 
M proportional to v = 47yMR/c; the dielectric constant of the ferrite; the attenuation factor 
q@ and two values of cotangent © (10 and 20). 

At the frequencies and values of cotangent © for which we are performing the calcula- 
tion there is no need to use the rather complex formula (16), since Eq. (34) gives fairly 
accurate results (i.e., all the theoretical cases approach a high frequency case). Hence, 
all the calculations are made on the basis of Eq. (34) using the tensor components jj}, de- 
termined in accordance with Eq. (7). Since for the losses determined by condition (8) the 
dispersion equation for calculating y' maintains the same form as in the case of an ideal 
ferrite, the values of y' in (34) will be taken from the relevant graphs in Ref. 3. 

The theoretical curves are given in Figs. 2 - 5. They determine the attenuation of 
forward and backward waves for two magnetic fields (u = 0.56 and u = 0.19), two mag- 
netization intensities (v = 0.52 and v = 0.19), two values of the imaginary part of the di- 
pace cone tence (e" = 10 and e" = 1071; ¢'= 10), and two parameters & (@ = 10-8 and 
a = 10-4). 

We should point out that the curves in Figs. 2a - 5a may also be used to calculate the 
attenuation at @ = 10-2 and «'= 10-1. Here all that needs to be done, as follows from 
Eq. (34), is to multiply the ordinates in the corresponding graphs by 10. 

Analysis of the curves in Figs. 2 - 5 suggests the following: 

1. Waves propagated in the system in the difection +z (forward waves) and in the di- 
rection -z (backward waves) have a different attenuation factor. The difference between the 
attenuation in a forward and backward direction increases as we approach the resonant fre- 
quency and may attain extremely high values (for example, at cotangent © = 10, u= 0.52, 
v = 0.19; at x = 0.5 the ratio of backward to forward attenuation is 7.7 (Fig. 2c). The di- 
rectivity factor may attain a maximum, and then decrease (for the given example the factor 
drops from 7.7 to 4.5 for a variation in x from 0.5 to 0.51). 

2. The dependence of the attenuation on the intensity of magnetization in the given 
magnetic field is small, particularly when cotangent © increases (in view of this, in Figs. 
4a, 4c, 5a and 5c only the curves showing v = 0.52 are given for the forward waves, since 
they nearly coincide with the curves showing v = 0.19). 

3. At frequencies equidistant from the resonant frequency (x/u = const.) there is a 
great deal of attenuation when the magnetic fields are small. For example, at cotangent 0 
= 20 and x/u = 0.9, the attenuation at u = 0.52 is double that at u = 0.19 (Figs. 4a and 5a). 

4, If the dielectric losses are high, it is possible that there are frequency regions in 
which the attenuation in the backward direction is less than in the forward direction. (For 
example, at cotangent 0 = 20, @= 1072, and €'' = 1071 the attenuation of the backward 
wave is less than that of the forward wave up to x/u = 0.79 (Fig. 5b). This is a direct cor- 
ollary of Eq. (34), from which it follows that the dielectric losses are greater for forward 
waves than for backward ones. 

Thus, in seeking to ensure the greatest directivity factor (for example, when designing 
the isolator for a traveling wave tube), it is essential to choose a ferrite with the least 
possible dielectric losses. This is also advisable, of course, from the point of view of re- 
ducing the absolute attenuation. 
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Fig.2. Attenuation of the helix-ferrite system as a function of the parameter 
2mR/Xo for cotangent @ = 10, u= 0.52, @ = 107 “3, €" = 107 (a); @ = 107 
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Fig. 3. Attenuation of the helix-ferrite system as a function of the parameter 


27R/X, for cotangent @ = 10, v = 0.19 (the remaining parameters are the same 
as in Fig. 2 a, b and c) 
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Fig. 5. Attenuation of the helix-ferrite system as a function of the parameter 
27R/ Ao for cotangent @ = 20 (the remaining parameters are the same as in 
Fig. 2 a, b and c) 
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COAXIAL BIFILAR CONTRA-WOUND HELIX 
IMMERSED IN A MAGNETO-DIELECTRIC MEDIUM 


V.P. Shestopalov and A.A. Bulgakov 


We obtained and investigated a dispersion equation for a coaxial bifilar contra- 
wound helix immersed in a magneto-dielectric medium for the case in which the helices 
are arranged symmetrically. We calculated the effect of the magneto dielectric on the 
stored energy and impedance of the system. We also investigated the dispersion proper- 
ties of the system experimentally. 


INTRODUCTION 


In Ref. 1 the variational method is used to investigate the properties of a bifilar 
contra-wound helix in free space. A slow wave system of this kind has a number of ad- 
vantages over the ordinary helix, particularly in travelling-wave tube amplifiers. Indeed, 
at high voltages, in the ordinary helix the impedance to electron interaction is reduced, 
while certain space harmonics (-1) exhibit such a high impedance that backward wave inter- 
action may exist. In a contra-wound bifilar helix, the symmetry of the system ensures that 
the concentration of most of the electric energy will be in the fundamental component, and 
most of the magnetic energy in the space harmonics. This leads to a higher impedance for 
the fundamental component and a reduction of the impedance for the higher space harmonics. 
As shown in Ref. 1, at a voltage of 10 kv, the impedance of the fundamental component of 
the bifilar helix is approximately double the corresponding impedance in simple helix, 
while the impedance of the -1 harmonic in the bifilar helix is smaller than in the single 
helix by a factor of 20. 

Apart from the positive properties, the bifilar helix does have some shortcomings. The 
system is more dispersive than the single helix, and cannot therefore be used over a very 
wide frequency band when the voltage is fixed. 

In actual practice the bifilar helix is used as a slow wave system only with the aid of 
various kinds of dielectric supports. This leads to the need to take into account the effect 
of the dielectric medium on the‘dispersion properties of the system. We are also faced with 
the problem of investigating the possibility of using the magneto-dielectric medium to im- 
prove both the dispersion and other properties of the bifilar helix. 

In the present article we show that the introduction of a magneto-dielectric medium into 
a bifilar helix, when the entire system is placed in a metal waveguide, and when the values 
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€ and u of the magneto-dielectric medium are suitably distributed and selected, provides 
the most suitable dispersion characteristic of the system for a high impedance of the fun- 
damental space harmonic, and reduces the impedance of the first space harmonic. The 
metal sheath in the source-free system under investigation also makes it possible to con- 
sider the fast waves which may propagate through the system. 


1. FIELDS AND CURRENTS IN THE SYSTEM 


Let us assume that two helices of identical radius a (Fig. 1) are wound symmetrically 
(pitch angle 8). We will designate the pitch of this system as p; the width of the helix band 
is 6. The bifilar helix is placed in a metal sheath of radius c. Inside the helix there is a 
magneto-dielectric medium with dielectric constant €; and permeability uw; between the 
helix and the waveguide is a medium with properties €9, Up. 

If the axes of the cylindrical system of coordinates r, @ and z are selected in such a way 
that z coincides with the axis of the bifilar helix, the system in question remains unchanged 
at any of the following transitions: 


(7, P, 2) <> (7, @; — 2); 


(7, Q, Z)<>(r, geld Z)3 
(7, @, 2)<>(7, 9, 2p); 


9 (rn o+t5, 244). 


This latter property is typical of bifilar Fig. 1. Bifilar contra-wound 
helices with identical spacing. (symmetrical arrangement 
For a bifilar helix the solution of the of helices). 


wave equation for logitudinal components 
of the electric field E, and the magnetic field H, can be assumed to have the form 


. >) S AimRim (7) exp {i [Boo “lg = (2 + 2m | 2} exp (— il) exp (— iat). (1) 
The functions are determined by the solution of a Bessel equation in the applicable region of 
the system. 


Assuming that along one helix (a right-hand winding designated by a - superscript) 
there exists the current 


F (a7) = be (07) + eae ("), (2) 
and along the other (a left-hand winding designated by a + superscript) the current is 

3 (at) = Colle (0*) + e252 (a), (3) 
and using the boundary conditions on the helix (at r = a) 


Ey. ad Foz Fxg = Eg; Hy, a A, Es iE); ata hes (a*) = es 
Hoe — Hyg = Iz (@) + Iz (0) = Iz (4) 


as well as the boundary conditions on the ideally conducting sheath, we obtain the following 
expressions for the Fourier components of the longitudinal field intensities inside and out- 
side the helices: 


7 = - Time Ba Bimal, Z, (Yim?) 1 > 
(Ee) im U Pe FS, [oem imaevem Re a env AGL: (5) 
Ds 4 —— TA Ni 
1 
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Sa itst Ng 
Belin = 21 aya agate ee Adie t aiid sere 7 
(E27)im = —1 kya &1 | Ferm (rae em T(t) Ay jee ea Ay” ey 
&) Ay 
1, (Yim) 4 ‘! 1 8 
(Hadin = Sem Trg 98a ta As is) ( ) 
~ Pe Ag 
where 
. : 20 4 o, oa aS es 
Whee = Bea GB fn Bag heey Der Reape eg aay eet di Vea 
I 21m = Jam (a) a T zim (a); ST gum = Tim (2*) ar Tim (a); 
K, K, K, K; 
Ay = 5 (Time) — z— (Tima); Ae = F— (Teme) — =F (Tima); 

1, q; of qT, 

K; K Ky, K, 
A; = — (Yimce) — i (Yima); Ag = ; (Yume) ; (Yim4); Se 

/, l T, q, 

K, Ky Ki; Ee 

As = = (Yime) (Yimr); Ag = => (Time) — 7—(Tim7). 
i je i fi 


In Eqs. (5) - (8) the fact has already been taken into account that the transverse constants of 
propagation in the first and second regions have approximately the same values. The expres- 


K 
sion 7~ (Time) should be read as Ky (Yime)/Li (Yimc) - 
2. DISPERSION EQUATION 


To obtain a dispersion equation let us use the variational method developed in Refs. 1-3. 
If we use the expression for the Lagragian of the given problem in the form 


i = const >} {(E3(a))1m [erm (A-) + Setm (a*)] + 
im 


: : (10) 
3 (Ez (2))im [Szim (a )+ Fzm (a*)]}, 
the solution in the case of a one term approximation takes the form 
LD \im(@)} = 0) (11) 


in which J\1m(a7) is the parallel component of the surface current density on the right-hand 
helix. Let us select %jim(a-) in the form 


: 16 
Z 8 6 2atg 6 es ih. i) =O) 
Tyim(0) = Azer B® 8 (m); (m= oy (12) 
2a tg @ : : 


Using Eqs. (5) - (9) and Eqs. (11) and (12), we obtain a dispersion equation for the system 


2 sin? pores 
2ate® 

2Qo0 > ( 18 = 2 (Yr0 ae Y <i) a 0, 

en 2a tg 8 ) 13) 
in which oe an? Qt 1 : Bimt 1) 
= asin? O— a 2 _— 
lm = Tim i (Yim) 0 sin Lar 7 Sint) 5 a 
&; Ay ~ 8 Ay 
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(1B tn)? I, 4 (kya)? I 


! 2 1 
+ cos? @ ~ (Yima u 
Cine TT) es Be Cg? 7, (Um) aa 
&1 Ai He Ag 
Qoo = Yoo sin? ® af (%o02) A : 
x i 00 fs £2 Aoe 5 (14) 
&1 Aoi 


K K K K, 
An = i (Toot) — 7 (Yo02); Age = 7 (Yooe) — e (Yoo), 
i} 


and the remaining quantities are as defined in Eq. (9). 
3. GRAPHICAL ANALYSIS OF EQ. 13. 


The analysis of the dispersion equation (13) will be made graphically. In order to plot 
the dispersion curves let us rewrite Eq. (13) in the form 


Qan (Yoo) = — [Q-10 (T_10) + Q410 (F410) + +» - + Q—no (Y—no) + O+no (Gieeaalh (15) 
where 

to) 

sin? oo 

lo = iar Dante Wage 

\2a tg @ ) 
sin? 94 oa : 
Q_10 = TB Yai: (16) 

2atg@ ) 


Next the curves for the left-hand and right- 
hand sides in Eq. (15) are plotted. Here 


Booa is fixed, but we vary k,a=k,a/V ep. The 
points of intersection of these curves make CA 
it possible (at the given Ag and all other pa- 
rameters of the system) to determine k,a as 
a function of Boga. In this way we can plot 
graphs for the variation of kga/cotangent 0 
as a function of By9a/cotangent 0. 

As shown by the calculation, to plot the 
dispersion curves in Eq. (15) it is sufficient 
to single-out three terms by representing 
Eq. (15) in the form 


Qoo ae (Q_16 Si Q410): (17) 


The intersection points of the curves for the 
left-hand and right-hand sides of Eq. (17) 

were found in the following way. At first we 
plotted the curves Qgq, Q-19 and Q+10, sep- 


arately in each case. They are shown in : ; . : 
Fig. 2. For a number of values of kj a the Ve fs Pk sora Aaa ae lence 
graphs Qog represent straight lines, almost 9 ARS ES ae Ne er 
parallel to the axis Kja. The curves for 5 210) 6) ee faa’ eta ie 2 10 
-Q:i109 begin close to zero with negative val- a Siti he Ree > /p fl a ; . 
ues and increase continuously + ©, passing CBs SB ae Boo? =1.5). 


through -Q; 109 = 0. The behavior of the 
curves -Q_;9 is somewhat different from 
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Qoo and -Q,19; the curves for -Q_19 begin at negative values, and then, depending upon 
€ and u, continue in a positive or negative direction. 

As can be seen from Figs. 3 and 4, the dispersion properties of the system depend 
substantially on ey and €9 (at the given value of cotangent @ = 5; 5/p = 0.1). 
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Fig. 4. Dispersion curves for slow and fast waves in a bifilar helix ina 
magneto-dielectric medium at different values €9, Uo, c/a (€} = 155 = 1): 
1, 4, 5 and 6) curves for €, = 1, Uy =o "lato 1yi25 Gaia lin b and 
9) curves for Qj oe cot O, U5 = 2; 10; 20; 1, 2 and 3) curves for 
different values c/a = 3, 2, 1.1; curves 01, 02, 11, 12 and 18 are for case 
€o/€, = 1, Mo/u, =1, 5/p=0, 1, cotangent e = 5i c/a = 3 


We also investigated the dispersion of the system as a function of the ratio between the 
sheath diameter and the helix diameter. Figure 4 shows that the dispersion properties of 
the system vary slightly as a function of the selected c/a. Thus, using the magneto- 
dielectric and metallic sheath the dispersion properties of a bifilar helix can be controlled. 
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4. FAST WAVES IN A BIFILAR CONTRA-WOUND HELIX IN A METALLIC SHEATH 


The presence of a metal waveguide, in which the bifilar helix is placed, makes it pos- 
sible to consider the propagation of fast waves in this system, i.e., the oscillations with 
ve>c. The transverse constant of propagation for these waves Y1m takes the form 


Yin = iim 5 (18) 
ewhile the dispersion equation (13) can be written as follows: 
16 
SS Sh 
, 2a tg@ 
Ae Dah “y (Pio + P_w) = 0, (19) 
= eas 
where 
; J, hy. { 
= 2 pais \ -. 98) lm \ 
Piel asile OF i (ima) i a sin 20 oF OE Se 
& O1 ey “OL 
Oar wae oe, { (kya)? I, | 
cos*0) s- —> (Yim es ! ae 
te \. Gaal? J gent ,— 22 82" (tim)? Fi oy) fo He Sam 
& O1 He Oa 
4 
Po = (Joo%) sin?® eZ > (Gog%) a Oe 3 (Qima)? = (kya)® — (hima)?; (20 
J 4 — ro Fst, 
N, N, Ni N, 
b= Fy feme) in ap (im); 6. = if (dim@) i (Qim@); 


N, N 
6; = 7, (dime) 7, (Gim4); 
N, “Nn N 
&. =— (Zim) = i (Qim@); 61 = Fe (Zo0€) a ai (Yoo); 


N No 
8o2 = iF (400°) 7 (Goo): 
0 


Calculation of the dispersion curves was made in the same way as for slow waves. These 
curves passed through forbidden regions for slow waves. In view of the fact that the functions 
J, (x) and Nj} (x) may become zero when the argument varies, there may be a number of dis- 
persion ones for fixed values of the system parameters, as distinct from the case of slow 


waves. 


5. THE STORED ENERGY AND IMPEDANCE OF THE SYSTEM. 


If we use Wy. to designate the energy stored by the basic component of the magnetic 
field, and Wor, + Woe, to denote the energy stored by the basic component of the electric 


field, then at 7,.¢>3 
Wott, kya \2 


lad 


| W wor, + W oor, Yoo2>>3 \Too? / In? +4 te 
& 
(21) 


i Wooo \ 
lim ( =} = 
Yoca00 W 0oE? 2 i 00E, / 
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Thus, there is considerably less magnetic field energy in the system than electric 
field energy. This fact agrees with the conclusion drawn in Ref. 1. Nevertheless, the pres- 
ence of a magnetodielectric in the system, as is clear from the first formula in (21) pert 
what impairs this relationship. Figure 5 gives the energy of the z andr e components of the 
electric field, normalized for the total energy of the system and normalized for the total 
energy of the © component of the magnetic field for a bifilar helix ina sheath with and with- 
out a magnetodielectric. The calculations were made for a point on the dispersion EA 5 
(Fig. 3) with the values B,,a = 1.5; k,a = 0.3; cotangent 0 = 5; €5 = ile fy = ile ie 10; 
wu, = 2 (this point is shown in Fig. 3 by an asterisk). For a free space bifilar hélix the pa- 
rameters of the system had the following values; cotangent 0 = 10; By a vleos koa = 0.3 
(Fig. 2 of Ref. 1). We also compared the stored energies of this system and those of an 
ordinary bifilar helix for the -1 and +1 harmonics. It is clear from Fig. 6 that the magneto - 
dielectric increases the stored energy and redistributes it from the +1 to the -1 harmonic. 


W, 
f} Zo 
Woo 


Sho VOOEERD 
Fig. 5 Fig. 6 


Fig. 5. Comparison of the stored energy of the fundamental component for 
a bifilar helix with a sheath (solid line) and without it (dotted line). 


Fig. 6. Comparison of the stored energy of fundamental, +1 and -1 har- 
monics for a bifilar helix with a sheath (solid line) and without (dotted line). 


The impedance of the bifilar helix can be determined in the following way: 


coal es 


2 
200 [=a 


BAW (22) 


7 
P00 rp 


Zoo 


in which 2p = d (k,a)/d(B,,2) is the group velocity which is calculated by graphical differentia- 
tion of the curves of Fig. 3. For 1-+:0£F,0 depends on @ and therefore 


{ tee eee! 
Z19 a 82» W oa er oe dg. (23) 


The results of the calculation of the impedance are given in Fig. 7. The parameters of the 
system under investigation and the ordinary bifilar helix are the same as those used in cal- 
culating the stored energy. As is clear from Fig. 7. the magneto-dielectric in the system 
leads to a considerable variation in the impedance of the fundamental component and toa 
sharp drop in the impedance of the -1 and +1 harmonics. This decrease in impedance is due 
to an increase in the stored energy of these harmonics. This property of coaxial bifilar 
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helical guides may be used in travelling wave tubes to eliminate the generation of the 


-1 space harmonic in the amplifier. 


6. EXPERIMENTAL INVESTIGATION OF DISPERSION 


The main theoretical results of the investigation were checked experimentally. The 
dispersion properties of the bifilar helix in free space, and of a helix wound on ebonite 


(¢~2) and porcelain(e~6,5) rods, (rod diam- 
eter 2a = 10 mm were studied. Two helices 
of copper tape, 0.1 mm thick andé~ 0.6 mm 
wide, were wound in opposite directions with 
cotangent 6 = 5(p = 6 mm). The bifilar helix 
without the dielectric consisted of two hel- 
ices of copper wire, 0.6 mm in diameter 

(2a = 10 mm; p = 6 mm; cotangent © = 5). The 
measurements were made by means of the 
instrumentation described in Refs. 4 and 5. 
The results of the measurements and a com- 
parison with theoretical curves are given in 
Fig. 8. The points from which the continuous 
curve in Fig. 8 was plotted are taken from 
Fig. 3 (curves 1, 2 and 3). Here the rela- 
tionship between Ag, A, and kg, Boo is de- 
termined by the formulae 


2na | ana 
gta © See Booaae 


ho = (24) 


A number of measurements were made 
in a copper sheath, c = 30 mm in diameter. 


00 +10 


Fig. 7. Comparison of the imped- 

ance of the fundamental, +1 and -1 
harmonics for a bifilar helix witha 
sheath (solid line) and without (dot- 
ted line) 


Since the diameters of the helices were 2a = 10 mm, then c/a = 3, and the effect of the 
sheath on the dispersion of the system, as shown above, (Fig. 4, curves 1, 2 and 3) should 


do, Cat | 5 | 2 40 


Ke OM 
ze 6,05} 4, 30) 2,83 
(in sheath) | | | 


rN 


gg? 16 25] 4,37] 2,88) 2,09 
(without sheath) 


Ag» CM 


g 9,09 
(in sheath) 


502,38 


<;—6,5 


Ag 2 OMe 


5,111 3,54] 2,41) 1,82 
(without sheath)| 


be insignificant, which was in fact confirmed 
by the measurements made. The Table gives 
the results of these measurements. Let us 
note that both in the theoretical and experi- 
mental investigation of a coaxial helix im- 
mersed in a magnetodielectric we did not 
take into account the variation in the surface 
currents through the cross-section of the 
helices. This approximation, as shown by 
the analysis, was quite justified in the case 
of thin bands. 

The authors wish to thank S.V. Troit- 
skiy for his assistance in calculating the 
dispersion equations. 
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Fig. 8. Results of experimental measurements (triangles) of dispersion for a bifilar 
helix in free space (€, = 1) or wound on ebonite (€4 = 2) and porcelain (€; = 6.5) rods. 
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SOME METHODS FOR THE SOLUTION 


OF A PROBLEM CONCERNING THE OSCILLATIONS 


OF A SMALL GYROTROPIC SPHERE. . 
PART Il, SERIES METHOD 


Syuy Yan'-shen 


This paper presents an approximate method for the solution of a problem concerning 
the oscillations of a gyrotropic sphere — the series method. Rules for the inter-relation 
of the various modes are established. It is shown that it is possible to achieve indirect ex- 
citation of Walker oscillations by means of an electric Debye potential. Indirect excitation 
occurs in particular upon placement of a ferrite sphere at the node of the magnetic field in 
a rectangular waveguide. 


1. SOLUTION OF THE ELECTROMAGNETIC PROBLEM FOR A SMALL 
GYROTROPIC SPHERE BY THE SERIES METHOD 


In the previous work [1] it was shown that by the method of successive approximations 
it is possible to solve the electromagnetic problem with the required degree of accuracy. 
However, this method does not provide a general representation of the rules for the trans- 
formation of oscillation modes. Hence it is advisable that we examine a method which is 
physically more descriptive. 


In spherical coordinates Maxwell's equations for magnetized ferrites have the form 


+ (sin 9/7.) —% Hy = ik er sin 62,, 


a) : f 
: (rsin§H,) = ihyer sin OL), 


ag ar 
a eee 
Fie (r)) — ag fr = ik perk, 
a) ee 7 G) ‘ : 
a9 (sin 82) — ag Ey = — ikyr sin 8 [(w sin? 6 + cos? 0) H, +- 


+ (u— 1) sin § cos @ H,— ik, sin 8}, 


i) i) : ; 2 i 

a0 E, — > (rsin 64) = — ikgr sin 6 {(u — 1) sin 4 cos 0H, +- e 
+ (uw cos? 6 + sin? 6) Hy —ikH, cos}, 

a 1 ) : é 

- (rE9) 36 E, = —ikyr (ul, + ik (H,sin 8 + Hy cos 0)]. 


In comparing the system of equations (1) with Maxwell's equations for an isotropic 
medium and with their solutions (expressed as Debye potentials with indexes n and m) itis 
readily seen that dependence of the solutions of Eqs. (1) ong may be expressed in terms of 
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etimp , wherein coupling between modes with different indexes m is not present. This is 
due to the fact that in Eqs. (1) differentiation is expressed only in terms of ©, which does 
not yield a new dependence on ~. Gyrotropicity of the medium is characterized solely by 
the dependence of the righthand members of the last three of Eqs. (1) in 9. Consequently, 
the solution contains the sums of associated Legendre polynomials of cos 9 with different 
indexes. As for the dependence on r, it is seen from the method of successive approxima- 
es [1] that it may be expressed in terms of power series with even or odd powers of 

r). In addition, associated Legendre polynomials with large indexes appear only after 

on arge number of successive approximations and, consequently, their coefficients have 
lignes powers of (k,r). = 
It follows from the above that the components of the fields of the quasi-H (n, - m) 

mode may be expressed as follows: 
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co 60 
Hy = yy Dai (ola) $2p+2q—1 
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eh 28 m 
ie ,(cos®) g 
! 4 NTO Oe n—2p' 
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Here A 5 18) HOS 1D) e Be e G are coefficients, one of which characterizes 
Pq p,q pq Pp, , , f oo , 
the amplitude of the oscillations and the others are determined after substituting the series 


in Eqs. (1); 


with (n — m) even, N=N'= => 


n—m+l1 n—-m-—l 


with (n — m) odd, N= >) , N'= 


The field components may be expressed in another, simpler manner. However, for 
convenience in imposing the boundary conditions, let us give them a form more similar to 
the expressions for the field components in an isotropic medium, described by means of 
Debye potentials. 

Substituting the series (2) into Eqs. (1) and equating the coefficients of corresponding 
terms of both sides, we obtain an infinite system of equations with an infinite number of un- 
knowns (i.e., the coefficients in Eqs. (2)). In addition, it is necessary to use the following 
known formulas for associated Legendre polynomials: 


cos 8P (cos 6) = ee (2 — m + 1) Po, (cos 6) + (n + m) Pr, (cos 9)], 
i 
2n+1 


sin0 2. Pr (cos 8) = [n(n —m +1)Pr1, (cos 0) — 


—(n-+ 1)(n +m) Pr, (cos 8)], 


as well as the formulas for cos @sin@ ir Py (cos 6), cos? 8 P; (cos 8), sin 0 x [sin 0s Px (cos 6) ‘ 


cos* @ Pr (cos 6)and cos? 6 sin 030 Px (cos8), These quantities may be expressed as the sum of 
polynomials Pr; (cos 6), Pr... (cos 6)Pn=1(cos8), P% (cos 6). with appropriate coefficients. The in- 


finite system of equations may be divided into a series of systems with a finite, gradually 
increasing number of unknowns and these systems may be solved successively: first it is 
necessary to solve simultaneously the equations containing unknowns with indexes q = 0, 
p = 0 and all p', then it is necessary to solve the system of equations containing unknowns 
with indexes p= 1, q= 0 andq=1, p=0, p' being arbitrary. Generally speaking, it is 
necessary to solve simultaneously equations containing as unknowns the coefficients with 
indexes p+ q =s andq=s, p! arbitrary; here s is some constant. 

By this method we may calculate all the coefficients required for any prescribed degree 
of accuracy. The existence of a method of calculation confirms the validity of Eqs. (2) and, 
consequently, the validity of the resulting rules for the relationship between modes as dis- 
cussed below. 

In a similar manner we may express the field components of the quasi-E mode by means 
of series and calculate the required coefficients. We will not discuss this subject in detail. 

In the case of a small sphere, in Eqs. (2) it is necessary to take only the terms with the 
lowest power of k,r. Then the quasi-H mode waves and the quasi-E mode waves are con- 
verted into oscillations of the corresponding Walker types of analogous electrostatic types. 
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2. METHOD OF SOLUTION OF THE PROBLEM OF THE EXCITATION OF NATURAL 
OSCILLATIONS OF A SMALL GYROTROPIC SPHERE. 
RELATIONSHIP BETWEEN VARIOUS MODES. 


In the preceding work [1] it was shown that in setting the boundary conditions of the 
electromagnetic problem, continuity of the tangential components of the fields at the sur- 
face of a sphere may be replaced by continuity of appropriately chosen potentials W ~ and 
~y and the normal components of induction B._, and D.. at the surface of the sphere. It was 
also shown that the higher order terms in Eqs. (2) (ive. , terms with higher powers of r 
than occur in the first terms) result in two phenomena: coupling between the various 
modes [2] and the effect of wave propagation in the ferrite on the resonance conditions. 
Coupling between different modes consists in the fact that, generally speaking, the following 
modes are always simultaneously excited (with all values of the index p): 


quasi-E (Iml+2p, m), 

quasi-H (jml+2p+1, m), 
or F 

quasi-E (|m|+2p+1, m), 

quasi-H (|m|+2p, m), 


where p=0,1,2,... 


' The cause of coupling between the quasi-E and quasi-H modes is explained in greater 
detail in Appendix 1. 

The resonance conditions are determined from the requirement of an infinite or (in the 
presence of losses) of a maximum build up in the amplitudes of oscillations. They apply 
only to the magnetic field (and the associated electric field). In the case of a small sphere 
all the higher order terms in Eqs. (2) are small and the Walker resonance conditions are 
excellent approximations for the corresponding quasi-H modes. However, terms with higher 
powers of r whose dependence on 9, © is identical with that of the principal mode still im- 
part a small correction to the resonance condition. This subject is discussed in detail in 
Rete: 

The terms of the series with other dependences on 9, © which enter into the solution 
establish the coupling between various modes and also, although weakly, affect the resonant 
frequency or field. This is due to the fact that, while the coupling between different modes 
is mutual (that is, if the first mode affects the second, then the second affects the first), the 
amplitude of oscillation rises significantly only at resonance and we may usually disregard 
the reverse effect of such a mode (on the original mode) for which resonance does not occur. 
However, if the resonance conditions of both coupled modes are approximately the same, 
their amplitudes increase simultaneously. Then it is necessary to consider both effects 
(forward and reverse); in this case at the resonance conditions there occurs the phenomenon 
of interference between these two modes, which was first observed by Fletcher and Solt in 
experimental investigations [2]. 


3. EXCITATION OF NATURAL OSCILLATIONS OF A SMALL GYROTROPIC 
SPHERE BY AN H,, WAVE IN A RECTANGULAR WAVEGUIDE 


The problem of the excitation of a small gyrotropic sphere by an H;q wave in a rec- 
tangular waveguide has been discussed in Ref. 3. However, this dealt only with the solution 
of the zeroth-order approximation for the oscillations in the sphere and the results given 
therein may be rendered more accurate by approximations of higher order. 

For practical purposes we are interested only in the amplitude of oscillations at reso- 
nance. As stated in Ref. 3, the amplitudes of the incident and reflected waves of different 
modes decrease rapidly with an increase in the index n. This leads to an important conclu- 
sion: it is necessary to consider only the influence of modes with smaller indexes n on 
modes with larger n and the influence of the resonant mode on other nearby modes. As 
shown above, coupling exists only between modes with identical indexes m. Consequently, 
in calculating the amplitudes of (m, -m) modes at resonance we may disregard the influence 
of other modes and the results given for these modes in Ref. 3 are acceptable. For other 
modes it is necessary to introduce corrections for the effect of modes with smaller indexes n. 
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For example, in calculating the amplitudes of reflected waves v5 (n, m) it is necessary 

to consider the influence of modes u (n - 2p - 1, m) and v(n - 2p, m) with index values 
p=0, 1, 2, .. .. In such cases it is first necessary to calculate the higher-order ap- 
proximations defining the coupling between all modes y(n - 2p, m) and w,(n - 2p - 1, m). 
Then it is necessary to simultaneously set the boundary conditions for all Mese modes 
considering the coupling between them. We then obtain a system of equations the solution 
of which will give the amplitudes of the reflected waves and oscillations of all the given 
modes in the ferrite. 

It is important to note that due to coupling between modes quasi-H oscillations may also 
be excited by means of a transverse-magnetic wave (characterized by a Debye potential u) 
with appropriate indexes n and m. An example is the excitation of oscillations of type (2, 0) 
in a waveguide at the node of the magnetic field (see Figure), which has been observed by 
a number of authors [4, 5, 6]. 

On the other hand, an analysis of the H 9 wave at the given point in a waveguide does 
not contain the Debye potential v(2, 0) [3]. In the given case, the specimen is placed at the 
antinode of the electric field parallel to the 
fixed magnetic field. Hence, within it there are 
excited oscillations of the Wf (1, 0)‘mode which 

are coupled with oscillations of the 21 (2, 0) 
S ee mae mode. At a certain frequency the oscillations 
Ba a of both modes have a common resonance. If the 

‘ fixed magnetic field is deflected at an angle © 

to the waveguide wall, then there are also si- 
Specimen multaneously excited oscillations of the ~ p (1, -1) 
mode and coupled oscillations of the wy (2, -1) 
mode. This problem is discussed in greater de- 
tail for dp(1, 0) and dy (2, 0) in Appendix 2. 
From the expressions given therein for the amplitude of the reflected wave (characterized by 
the Debye potential uS) it is possible to determine for both modes the common resonance 
frequency, which proves to be close to the resonance frequency of the {jy (2, 0) mode as 
calculated after Walker. 

The reflected transverse-electric spherical wave (characterized by the Debye poten- 
tial v°) will in the given case create within the waveguide waves of the higher modes (be- 
yond cutoff modes) only. 

I wish to express my profound gratitude to A.A. Pistol'kors for supervision of this 
work and for much valuable advice. 


® Direction of 


APPENDIX 1 


If it is assumed that coupling between the quasi-E and quasi-H modes is absent, then 
for the quasi-H mode the electric field components take the form 


il @ 
DO, 25=— oF: 


ia) 
© 0g (I) 


r=% Fy= sing dp 


Here © is some function of r, 0, ~. 
Substituting Eq. (I) into the last two of Eqs. (1), we obtain 


ti) f 0 
$e (rsin 8 iy?) = — thor sin § [(w — 1) sin § cos § H, + 
+ (p cos* § + sin? §) H, — ik cos 0H), (1) 
e) ) 
a G ae o) =—tkorsin Q [WH + ik (H, sin § + Hy cos §)). (IIT) 
Consequently , 
) 
ag [(H — 1) sin 8 cos § H,, + (u cos? § + sin? @) H, — ikH, cos §] — 
) 
— 99 Sin @ [bH, + ik (H, sin § + Hy cos OG) ie=0) (IV) 
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In the case of an isotropic medium (u = u z — 1, k = 0) this equation is transformed into 
the first of Eqs. (1). 
From E,, = 0 it follows that 


) 
Hy = 95 ¥ A,= sin 9 ip * (Vv) 


Substituting Eqs. (I) and (V) into Eq. (IV) and the remaining equations of Eqs. (1), and 
eliminating H,> we obtain two equations for the determination of » anda: 


a ; a 
lw -—1)sin § cos 9 {> (rap) +- tkper@D } + (p cos?§-+ sin? 0) 39 »— 


ap 
TOS Gea a fa) At G) : 
—ik sin dq | = 00 [» ag p + ik sin? § \e (rap) + ikyero} + 
+ iksin @ cos 6 35-] =0, (VI) 
ce) a) oe ce) 
ae [sin 6 (= a0. o)| — ag (aa) = —ikersin§ [uu sin? § -+ cos? 6) x 
) é a) 
x er (rp) + ikyer® \ + (H— 1) sin @ cos 8 5g YP — tk ZS »| ; (VII) 
In addition, ) and » must still satisfy the condition stemming from Eq. (III): 

af 2a ha 2 a 1A a a 
—(r ag. o) = — ikg sin § lp p+ iksin 6 \ar (rap) + ikero| + ikcos 9 a): (VIII) 


With the three equations (VI) - (VII) for the two unknowns w and @ the problem may be 
solved only by the introduction of fields corresponding to the potential a ;. Consequently, 
in fulfilling the boundary conditions at the surface of the sphere it is necessary to take as the 
fields within the sphere the sum of oscillations of the quasi-E and quasi-H modes. 


APPENDIX 2 
Let us assume that a wave with potential u;(1, 0) = Byj, (kyr) cos 6 is incident on a gy- 
rotropic sphere. We are required to calculate the amplitudes of the py (2, 0) and ve (1, 0) 


modes in the ferrite and the reflected waves uS(1, 0) and v$(2, 0) at resonance for mode 
wy (2, 0). Let us assume that 


us (1, 0) = ch") (ker) Pi (cos), —-¥* (2, 0) = eahl!? (kyr) Pa (cos 6) 


and 


A sin? 2 
be U, 0) = Arcos, by (2, 0) =— {<3 BH pcos? 0 )— (1 —) 5}. 

By the method of successive approximations it is not difficult to determine that the fol- 
lowing components of the field and induction are associated with the Jy (2, 0) andvp (1, 0) 


potentials 


ky Aokr? 
1G, O) = — US 5 
2kyAokr? 
Ey (1, 0) = = iti ae 0, 
— e (ker) Ask : 
B, (2, 0) = i epee inne aE P» (cos Q). 


Upon fulfillment of the boundary conditions for Dy, (1, 0), Eg(1, 9), By (2, 9), Ypl2, 0) 
at the surface of the sphere we obtain the following systems of equations: 
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c | — eB cos 8 + Ax008 8] = A Te 7 , 
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Considering the approximate expressions h, (2) (kya), Pe (kya), j, (kaa) and j,(kya) for 
small ky a, it is not difficult to determine the solution Co) these equa iene 


2Byk, —e (koa) kKAy 


Ie = Gp +) Qp+h ’ 
See Oat eS) Gee haa ds 


k2 (hig)? 
iB tail (1 reac, 
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At 
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Resonance occurs with 


4 2 
Be YE Sit eee as eS Relsenaa 2 


In the case of a small sphere kp2a7e <1 this condition differs but little from the Walker 
resonance condition for the J (2, 0) mode: 


Re (44 + 1) = 0. 
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LINEAR ACCELERATOR RESONATOR 
AS A MICROWAVE OSCILLATOR LOAD 


A.P. Fedotov and B.K. Shemhel' 


We consider here an equivalent circuit for a linear accelerator resonator with a 
heavy beam load and derive the dependence of this load on the amplitude and phase of the 
field. The equivalent circuit enables us to calculate the input resistance of the accelerator 
resonator. We give the experimental results of the operation of an accelerator mode with a 
heavy beam load. 


INTRODUCTION 


In standing-wave linear accelerators, highly loaded with a beam of accelerated par- 
ticles [1, 2], the latter affect the amplitude and phase of the accelerating field in the reso- 
nator and its input resistance as viewed by the high frequency oscillator. On the other hand, 
the amplitude and phase of the accelerating field excited by the oscillator determine the 
particle capture* in the resonator, and, therefore, the current in the accelerated particle 
beam. The interaction between the oscillator and the resonator becomes strong and hy- 
potheses have been advanced that the oscillator accelerator system may become unstable 
when the beam loading is high. 

To calculate the high frequency supply systems for high beam load accelerators we 
have to know the input resistance of the resonator and its dependence on the operating con- 
ditions of the accelerator and the oscillator. This means that we must know the equivalent 
electric circuit of the resonator of the beam loaded accelerator its parameters and their 
dependence on the given operating conditions. 7 

This article considers an equivalent circuit of this kind. The experimental part of the 
work was carried out with a model of the electronic accelerator consisting of a single gap 
buncher of the klystron type and the principal resonator (see Fig. 1 and Appendix 1). The 


Fig. 1. Block diagram of model accelerator: 
1) electron gun; 2) buncher; 3) principal res- 
onator; 4) energy spectrum analyzer; 5) field 
amplitude indicator; 6) phase difference 
measuring device; 7) measuring line; 8) ex- 
citer, frequency multiplying channel; 

9) power division bridge; 10) intermediate 
oscillator; 11) end oscillator; 12) phase 
inverter; 13) auxiliary oscillator; 14) attenu- 
ator; 15) vacuum container (steel tube). 


model meets two basic requirements: 1) the power P; transferred to the beam by the princi- 
pal resonator field constitutes a substantial part of the power P_, put into it, i.e., the princi- 
pal resonator of the accelerator has a high efficiency n = Py/ P..; 2) the principal resonator 

is "long," i.e., under acceleration conditions the particles have a longer period of phase os- 


cillation. 


* The capture factor x is equal to the ratio of the accelerated particle current at the 
resonator output to the current at the input. 
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1. EXPERIMENTAL RESULTS 


a) Measuring the energy spectrum of particles at the output of a "long" accelerator 
operating without a buncher, Grishina [3] found two groups of particles in it: one group 
has energies close to that of the synchronous particle (accelerated particles), while the 
other had energies close to that of the injection particle (unaccelerated particles), while 
the other had energies close to that of the injection particle (unaccelerated particles). 

Consequently, the power P,, transferred into the resonator is used, first, to create 
the accelerating field (power loss P., in the resonator walls); and, second, is transferred 
to the group of accelerated particles (Pt). Thus, Pp = P, + P, (the unaccelerated particles 
do not affect the power balance). This energy balance has beén confirmed experimentally 
using a model without a buncher at high beam loads (see table). The measurements were 
made with different synchronous phases © é and the same input current I, = 1. 2 mar 

It is clear\from the table that. Voecke te. 
to within the accuracy of the measurements 
(the measurement error in Pp and P, is 
10 - 12%, the error in P; is 3 - 5%). 

b) Measurements on the model,accele- 

a = rator without a buncher showed that when we 
include a beam which greatly loads the reso- 


ae ae oe Ae ae. See nator (in the experiments, for 7 up to 0.7), the 
30 | 1325 | 2,65] 3,9 | 4,44 | 0,48 pattern of distribution of the accelerating field 
en ne nC Oe IR ee AR eal PAS: along its axis (of electrical length 2.3) re- 
40 426) 35268) 4,86 all ose 0,67 4 Fe, 
mains unchanged to within the measurement 
error, (0.5%). Consequently, under these con- 
Table 1. Note: P, and P, are mea- ditions the beam does not contribute any unde- 
sured using an 1-4 line. The sirable effect due to a disturbance of the field 
power P, is calculated from mea- structure, which would have to be taken into ac- 
surements of the current I, of ac- count in an equivalent circuit. 
celerated particles and their energy c) When the principal resonator with a 
4U acquired in the accelerator buncher, with the second identical resonator 


(P; =Ig4U). The energy of the syn- operating at 76% efficiency, instability in 
chronous particle at the accelerator the oscillator-accelerator system was not 
output is 10.5 kev. observed. 


2. EQUIVALENT CIRCUIT* 


The loading of a high Q accelerator resonator by a beam of accelerated particles can be 
represented in an equivalent circuit by a sinusoidal current generator I, operating as an 
energy sink in parallel with the equivalent circuit of the resonator (Fig. 2a)**. It can be 
assumed in a long resonator-accelerator that the beam as a whole has an effect on the ac- 
celerating field in such a way that the particles in each bunch are drawn towards_a syn- 
chronous particle. Since the latter leads the maximum voltage in the resonator U by the 
angle ©, in the equivalent circuit the current I, should lead U by the same angle Po: The 
amplitude of I ¢ iS determined from the condition of equality of the power obtained by the 
beam in the accelerator-resonator and the power in the equivalent circuit: 


INO = eile! COS Po. (1) 


Here Ig is the mean current of the accelerator particles: AU is the equivalent potential dif- 
ference through which the accelerated particles fall in the accelerator; U is the amplitude 
of the voltage in the resonator and across the equivalent circuit of the resonator. But 


AU = vU cos Pe» (2) 


* The circuit does not take into account the loading of the accelerator resonator by 


secondary particles. 
x Mentioned by B.K. Shembel' in 1953. 
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in which V is the mean effectiveness of the accelerator gaps*. Equations (1) and (2) give 


lig Pilla. (3) 


Fig. 2. Equivalent circuit for beam-loaded accelerator 
resonator and oscillator. Vector diagrams. 


Since there is a phase difference Po between U and I, a purely resistive input im- 
pedance of the resonator during the existence of the beam is attained by detuning the reso- 
nator with respect to the generator frequency. The phase angle of this detuning can be de- 
termined from Fig. 2b. 


I, sin @ 
c Ch ee uf] 5 
tS ®p ue cos@, 1—7 tg @c*™. (4) 


where 
Pe IQ COS Pg 
1 Pa Be 1,008 Pg +1, Cos Py * 


If the power source is represented by the parameters € and R, in conjunction with the reso- 
nator circuit (Fig. 2a), it turns out that when the beam is switched off the voltage phase in 
the resonator is shifted by 


R 
ctg Ap = ctg op (1 +a a, | : 


RR, cos? Pp 


For R; SS Re 
Ag = p- (5) 


The accelerator model without a buncher with an oscillator operating under conditions 
(R; > Re) was used to measure phase shifts Ag when the beam was being switched off at 
Qo = 35° and various values of 7. The measurement of Ap was made with the use of a phase 
difference meter [5] by comparing the phase in the resonator with the reference phase. The 
frequency of the oscillator was tuned in such a way that the resonator input impedance was 


i The effectiveness of the accelerating gap v is the ratio of the potential difference 
through which the 'maximum"! particle in the gap falls to the amplitude of the potential 
difference at the gap the maximum particle is the one which passes the middle of the gap 
at the moment of the field maximum [3]. 

** The formula has been derived in another way by Prokunin [3]. For standing-wave 
accelerators the relationship between the variation in phase of the accelerating field and 
the particle beam was first determined by Kompaneyets [4]. 
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purely resistive, and this was checked by a transmission line. The length of the trans- 
mission line between the oscillator anode circuit and the resonator of the accelerator is 
approximately a multiple of \/2. The points on Fig. 3 are experimental. The theoretical 
curve in Fig. 3 is plotted from Eq. (4). The 
scattering of the experimental points may be 
49r r explained by the difficulty of obtaining a 

60 __ purely resistive input in practice. Although 
the exciting oscillator is not an ideal current 


os generator, the experimental points are fairly 
20 close to the theoretical curve. This makes it 
possible to claim that formula (4) is correct, 
oOr 82 OF 04 05 08 47 7 and consequently, that the equivalent circuit 
Fig. 3. Shift in voltage phases in is correct. 
resonator when beam is switched The function I, (U) for two cases of ac- 
off. celerator operation is given in Appendix 2. 


3. RESONATOR INPUT IMPEDANCE 


Using the equivalent circuit we can calculate the input impedance of the accelerator 
resonator. 
a) The input impedance of a long resonator loaded by a beam (Fig. 2a) is 


Be a ee 


19 5) om 5 ae 
ze rteO) 


Here the impedance of the unloaded resonator is VRE Re + jx. The value of the purely re- 
sistive component of the input impedance of the resonator, regardless of the parameters of 
the oscillator or the state of the particles at the resonator input, is equal to 


Ry = Re(l — 1), (6) 


Here x=R S tan © & 1 . When the beam is switched off, the magnitude of the input im- 
pedance becomes ,) 


4 


V3 aa lie a ae 
for ,< 45° at any R,A [ Zip |. 

To calculate the input impedance of the resonator for a change in the beam current, am- 
plitude, and phase of the field in the resonator we have to take into account the interdependence 
of these parameters. Let us assume the operation of a long resonator (case 2_in Appendix 2) 
and that in the initial state (in Fig. 2c the vectors Ug and Igg are solid lines) Z;,, = Ro, 
n= 0.5 and Gq = 40°, the capture factor x = 1, and Re/R; = 5. Let us assume that the beam 
current at the resonator input varies in such a way that the voltage drops by 10% (U/Ug= 0.9). 
In order to find the expression for this change in current and the new values of Oe, %, and 
the phase of the voltage Ap, we have touse the functionI,(U) (case2in Appendix 2), which is 
given in Appendix 3. The derived values enable us to calculate the resonator input impedance 
directly for a change in the beam current. 


|Zin | = Ro 


APPENDIX 1 


ACCELERATOR MODEL 
The principal cylindrical resonator excited by TMo, type waves was made of copper, 


and was 1250 mm long and 360 mm in diameter. It contained 17 drift tubes with 12 mm 
diameter holes in them. The tubes were insulated against dec, which makes it possible to 
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measure the current of the particles impinging upon them and to record the electron- 
resonance breakdown between them. The wave length was \ = 53.3 cm. The mean electric 
field intensity for the acceleration period (the latter is equal to B X, in which B is the par- 
ticle velocity referred to the speed of light) was E = 80 v/em. The quality factor Qo = 34,400. 
The equivalent resonant resistance is R, = 53.4: 10° ohms. The gap length is 0.38). The 
detuning equals 15% [6]. The efficiency of the gaps Vv varies from 0.71 for the first to 0. 82 for 
the last; AB/B at the first gap is 7.1% and 3.6% at the last gap. The uniformity of the ac- 
celerating field along the resonator axis is equal to+ 3% and is obtained by varying the 
natural frequencies of the end partitions. 

The buncher is a toroidal resonator (Qo = 1500, Rg = 170- 103 ohm) with a beam hole 
diameter of 8 mm. The length of the bunching gap is 12.8 mm (0.25 BX); v = 0.81. To 
make it easier to focus the electron beam, which at low energy is rather difficult to do at 
the front end of the accelerator*, the distance between the middle of the gap in the buncher 
and the middle of the first gap in the principal resonator is fixed and designed to provide 
maximum capture, taking into account the space charge [7] for the following conditions: 
injection voltage 1,800 v, beam current 1.7 ma, beam diameter 8mm. The distance is 
240 mm (corresponding to a transit angle © = 33.7 radians). 

The modernized particle source with an accelerating electrode provides a maximum 
current of approximately 2 ma at an accelerating voltage of 1800+1.5 v. 

The beam is focused by a longitudinal magnetic field, the intensity of which is ap- 
proximately 40 oersteds. The vacuum in the steel tube is kept constant to within 
(3 - 9)- 10-6 mm of mercury. 

The exciter in the high frequency supply system is a thermostatically regulated con- 
tinuous range exciter. The exciter frequency of 2.94 mcis multiplied 192 times. The inter- 
mediate oscillator in the principal resonator channel, the auxiliary oscillator, and the at- 
tenuator in the buncher channel are used for decoupling the channels, making it easier to 
conduct the experiment. 


APPENDIX 2 


DEPENDENCE OF THE AMPLITUDE OF CURRENT I, ON THE AMPLITUDE 
AND PHASE OF THE VOLTAGE IN THE RESONATOR** 


In Eq. (3) the current Ig = 1,,% (U), where I;,, is the current in the beam at the input of 
the resonator under consideration and x is the capture factor. The function x (U) will be 
different for different states of the particles at the resonator input. Let us consider it in 
the case of a long accelerator-resonator in two typical cases: 1) when the resonator re- 
ceives particles from the output of a single gap buncher, and 2) when it receives particles 
from the output of a similar long resonator, on the supposition that the particle velocity in 
the gaps varies very slightly and that there is no space charge. 

Case 1. The stability region in the phase plane of the accelerator or the region of 
phases © and velocities y = (8 — Bo)/ Bo (Bo is the velocity of the synchronous particle), 
at which the particles are captured under the condition of synchronous acceleration, is 
bounded by the function*** 


2085, 2 =1-3(2) -(£) 
SIN Pp — Pg COSP, ~™ Ons ®o : (7) 


Here y,, is the velocity of the maximum particle; ©», = 2 U/ VUz is the transit angle up 


ce The effect of the spurious magnetic fields (including the earth's) on the trajectory of 
the beam was considerably reduced by taking steps suggested by Teplyakov; the steel tube 
containing the model was bound on the outside with high strength tape 0.2 mm thick; a per- 
malloy screen 1 mm thick was fitted on the principal resonator. 

** In a long accelerator I, leads U by the angle @, ($2). 

*** Equations (7) and (8) are taken from Teplyakov's work, for example Ref. 3. 
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to the focusing of the accelerator gap (U is the potential difference through which the par- 
ticles have passed; Ug is the high frequency voltage at the gap). In Fig. 4 curve C is the 


O04 Y 
h03 | ne es 
| 002 
|_O01 ue 
o ° a 
KG 0 Laat 30° 60° 90° 120° 150 
| “G02, 


Fig. 4. Phase plane. C is the boundary limiting the region of stability of 
the principal resonator (@g = 30°, © ¢, = 19 radians), T is the curve show- 
ing the particle state at the buncher output (© = 33.7 radians, 9 fg = 2529 
radians, * = 0.45). 


boundary function for the principal resonator in the model at @, = 30° and © ¢, = 19 radians. 
The particle state at the input to the principal resonator after a single gap buncher in the 
same phase plane is described in the following way 


SiN Po 


co (8) 


3) 
Ds Ore y=— 


and here 6 fg is the transit angle up to the focusing of the buncher; (09 is the initial phase of 
the particles. In Fig. 4, the curve r is plotted from Eq. (8) for 6 = 33.7 radians and 

@ fg = 25.9 radians (in the principal resonator with O, = 30° and © ¢, = 19 radians at a 
given © = 33.7 radians the maximum capture factor *=0.45 occurs at 9% fs, = 25.9 ra- 
dians). The small circles on the curve show the particles whose initial phases were dif- 
ferent from each other by 10°; x is calculated as the ratio of the number of intervals be- 
tween the small circles enclosed by the boundary function to the total number of such 
intervals which is equal in the given case to 36. 

Variation in the phase of oscillations in the resonator at a constant amplitude cor- 
responds to a shift of the boundary C in Fig. 4 with respect to the curve T along the phase 
axis. The dependence of x on the phase differences (A @) of the oscillations of the buncher 
and principal resonator system (Fig. 1), calculated in this way for the data in Fig. 4, is 
given in Fig. 5 ( is the capture factor when operating with a buncher; 9g is the capture 
factor without the buncher, when @, = 30° is 0.25). Figure 5 shows an experimental 


~160°-150°- 120° = 90° ~60° 30" 0 30° 60° 90° 120° Ian" 160° 

Fig. 5. Dependence of the capture factor for the principal resonator ope- 
rating after the buncher on the phase difference in oscillations between the 
buncher and the principal resonator: 1) theoretical curve Oe = 30°, ° =33.7 
radians, ¢ ¢, = 19 radians, o fg = 25.9 radians; 2) experimental curve. 
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curve, 2, which is the result of three series of measurements. In these measurements 
the amplitude of the voltage in the buncher was selected in such a way as to ensure maxi- 
mum % in the principal reeonatoy with an optimum phase difference Ag, opt- 


The experimental curve = 7 (Ag) is somewhat broader than the theoretical one. This may 


be due to the fact that the pats region of capture in the principal resonator model is 
greater than that described by Eq. (7) because of an appreciable increment in the velocity 
in its gaps [8]. 

When calculating the dependence of x in the principal resonator on the amplitude of the 
oscillations in it at a constant Ag, the boundary function for the principal resonator is re- 
calculated each time. Here the point on the boundary corresponding to the maximum par- 
ticle remains at the same spot when the boundary itself varies. 

Case 2. Let us assume that the particles at the output of the foregoing resonator are 
uniformly distributed in the phase space limited by the boundary function, which is the same 
for both resonators. The dependence of x in the latter resonator on the amplitude and phase 
of the field in it may be found by varying the boundary for this resonator in accordance with 
the variation in amplitude, and shifting it with respect to the boundary of the former reso- 
nator which describes the state of the particles, as a function of the variation in phase and 
by calculating the area common to the bounded regions. 

When the phase difference between resonators under consideration is constant, x re- 
mains equal to unity when the amplitude U is increased from the initial value Ug, which 
corresponds to the synchronous phase © co: It can be shown* that when U is reduced in this 
resonator from Ug to Ug cos Yeo, the function x (U) can be idealized by the straight line 


af 
SURE ee 
1 — cos Qoy (9) 


The dependence of x on the phase difference Ay between the resonators for an increase 
(U > Ug) and reduction (U < Ug) in amplitude are given in Fig. 6 (the decremental seg- 
ments x(Aq ) are also approximated by straight lines). 
APPENDIX 3 


_ It follows from the circuit in Fig. 2a for two values Tog and sh (corresponding to 
Uo and U) that 


poy Lowes e (1-2). 
i R 


c0 Yo Le0 *% U, (10) 
All phases are computed from €. Since n = Igg cos co/lo and Ig = €/(Rj + Ro), then, 
from Eq. (6), we obtain 
n & 
Too 608 Gay Ri + Pe G1) C 


After a change in the beam current at the resonator input (in Fig. 2c the vectors are shown 
by a dotted line) 


U =ues4e, (12) 
The new current de leads U by the angle @,, determined by U, 
> I(Aet+ec) 


I,=1,e (13) 


a By the graphical method discussed above or by the ratio of the areas of the bounded 
regions s/sg =V (%/®co)° which follows, e.g. from Ref. 9. 


101 


Here 
But in the initial state 


Substituting Eqs. (11), (12), (13), and (15) in Eq. (10), we obtain 


pela! 


; R U , —j(Ae+e,) 
EZ IQ an ne ee (1 fi Pc jae) (A+ ee 
T= T° + COS Dog 7 [i+ R, (1 — n) U,° e 


Equating the imaginary part of the right-hand side of Eq. (16) to zero, we obtain 


Tie sin (Po — Po) ‘ 
sin (A@ + 9) = ere ee 


Re 
ey Rca | 


Equating the real parts of Eq. (16) gives 


I U 4 R 
c a aye 
hg Ue oie Po) + £08 Poo | 4 TR, (A »| x 


U 
x [cos (AQ + )— GF, 00s P| . 


(14) 


(15) 


(16) 


(17) 


(18) 


For the problem in question Eq. (14) gives Bias 31° 35'; Eq. (17) gives Ag = -1° 55'; 
Eq. (18) gives TA Os 1.44. Since ()—)<AP<2(@)—9,) (Fig. 6b), the capture factor 


is determined by Eq. (9) and is equal to x = 0:57. 


—<— #H= 
U<Uy 1-Z0s Poo 


=(20¢+ Poo) ~2P- Pra) g Po Peo Pct 2$c0 -(Prot 2H) | 8 2(Gea Pc) 2 Pcot Pi 
a ~ (Peo Peo) b 


Fig. 6. The dependence of the capture factor for the accelerator resonator 
when operating in tandem with a similar resonator, on the phase difference 


between them. 


Let us define the ratio between the current at the resonator input in the new state to 


the current in the initial state as 


[RS 
Tino out 0 


Then x in the new state (from Eqs. (3) and (19) is equal to: 


I 
_ Tout Tout 2v aaltepet: 
Fin ~Mouco 4 1c0. * Teo 
2v 
From the above expression 
y do 
k i ee —I os 
nu Too 


(19) 


Given this increase in current at the resonator input, the voltage in it is reduced by 10% 
and the capture factor is reduced from 1 to 0.57. 

The experimental part of this research was carried out jointly by Yu. K. Solodkov, 
N.P. Popov, Ye. A. Sidorov and V.B. Stepanov. A.D. Grishina took part in the initial 
stages of the work. Useful advice was given by V.A. Teplyakov and G. M. Anisimov. The 
authors express their gratitude to all those listed above. 


REFERENCES 


1. Semenov, N.N., Zel'manov, I. L. Kompaneyetz, A.S., Stepanov, B.M., Shembel', 
B.K. Some problems in designing heavy-current linear accelerators. Reports 
of the conference on high energy accelerators, Geneva, 1956. 

2. Lawrence, E.O. ,Science, 1955, 122, 3180, 1127. 

3. Shembel', B.K., Teplyakov, V.A., A.P. Fedotov, Prokunin, L.M., Grishina, A.D. 
Design problems of linear accelerators for heavy particles. Reports of the 
conference on charged particle accelerators, Moscow, 1954. 

4. Konpaneyets, A.S., Variation in resonator frequency due to synchronous beam load. 

Report of IKhF AN SSR, 1952. 

Fedotov, A.P., Shembel', B.K., Measurement Techniques, 1955, 6, 43. 

Teplyakov, V.A., Shembel' B.K., Radio Engineering and Electronics, 1956, 1, 4, 443. 

Klystrons, translated from English and edited by Ye. D. Naumenko, Soviet Radio, 1952. 

Mel'nikov, V.K. and Yu. S. Sayazov. Theory of capture of particles under synchronous 

conditions of acceleration taking into account non-conservation in the equations of 
motion. Unified Nuclear Research Institute, Dubna, 1958. 

9. Teplyakov, V.A., Analysis of operation of complex bunchers, Report of IKhF An SSR, 

1959. 


onan 


Received by editors 3 May 1960 


GAS DISCHARGE DETECTOR 
OF MICROWAVE OSCILLATIONS 


G.D. Lobov 


This article makes a theoretical analysis of one of the possible hypothesis regarding 
the operation of the gas discharge detector. On the basis of analysis an estimate is given 
for the rise time of the pulse, and the transmission factor of the gas-discharge detector 
is determined. The theoretical results have been verified experimentally. 


INTRODUCTION 


A great deal of work has been done on the effect of a microwave electromagnetic 
field on a gas discharge, and, in particular, on detection using a gas discharge tube. The 
following facts can be considered to have been established analytically up to the present 
time. 

1. When a microwave field is superimposed on a gas discharge, apart from a varia- 
tion in the de component of the discharge current [1 - 5], there is also a variation of the 
rate of recombination of electrons with ions [6, 7] and in the number of collisions between 
electrons and gas particles [8, 9]. 
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2. When different regions of the gas discharge are irradiated with pulse modulated 
microwave energy, the voltage pulse obtained across the load resistance differs in mag- 
nitude, polarity and shape [4,5]. The maximum signal is obtained when irradiating the hey 
discharge region lying between the end of the negative glow and the beginning of the positive 
column [4,5]. 

3. The voltage pulse varies with a variation in the pressure and nature of the gas, the 
size of the discharge gap, the applied power and the discharge current [1, 3, 4 and 5]. 

Published data, however, do not give any idea of the parameters of the gas discharge 
detector, since the detection mechanism is only considered qualitatively, and the results 
are contradictory and do not always agree with experimental data. 

This article gives a theoretical analysis of one of the possible hypotheses for the ope- 
ration of a gas discharge detector. The basis of the analysis is the fact that when a micro- 
wave field is superimposed on a gas discharge, the electron energy varies. The variation 
in electron energy may lead to variation in certain parameters of the gas discharge, which 
in the final analysis has an effect on the dc component of the discharge current through the 
tube. It may be assumed that the variation in energy has a greater effect at places where 
the total electron energy is minimum. This region of the discharge is the Faraday dark 
space. : 


1. EQUATION FOR THE ELECTRON ENERGY BALANCE IN GASEOUS DISCHARGE 


The energy increment obtained by an electron when a microwave field is superimposed 
can be found by means of the equation for the balance in electron energy. 

As shown in Ref. 10, the mean energy balance for an electron, ignoring the propagation 
of heat, can be described by the equation 


gQ 9 @ _9) 
at acq Qios (1) 
in which Q QQ) and Q 1 are the energy acquired and lost per second. 
In the case of a decaying plasma we usually only calculate the energy received by 
electrons from the field, which is equal to [10, 11] 


Q™) wana Weel ey 
acq ~ 2m (a+ v4)° 


If there is a constant electric field, we have to take into account the energy acquired 
by the electron from the constant field: 


The energy lost by an electron during elastic and non-elastic collisions is 


CS habparen 
Qios y ( ==Cu) 


Here 
By 
Qa O@, (it See hi 
r( by Vy 


Q — Q» is the difference in the energy of the electron and molecules; 6.. and Oy are the co- 


prints of transfer of electron energy to a gas particle during elastic’and non-elastic col- 
isions. 


Substituting Qacg and Qjg, into Eq. (1) and replacing @-m terms of 3/2 kT, we obtain 
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This expression may be transformed if it is assumed that before the arrival of the micro- 
wave pulse T = Ty, and v= u,; but when the microwave pulse is effective in steady-state 


operation, T = fhe and v= Vi: The substitution of these conditions into the previous expres- 
sion gives us three equalities that will be useful from here on: 


26282 
aie ae OuVyn (ia Tx), 
H 
e|E_ ve 
3km (@? + v2) i (2) 
dT rar Vy (Ty —Tw) att 
ten v 


om Vie Vyn (Cis, _ Te) —=07 Vu Vya (ihe — Te) @?+ ve 


OuVaVyx (Ts <= Tu) = OnVaVyn (Tu = Tu) = 


: Bev was ead Ge (3) 


2. TEMPERATURE INCREMENT AND TEMPERATURE RISE TIME IN 
A GAS DISCHARGE WHEN A MICROWAVE FIELD IS SUPERIMPOSED 


Equations (2) and (3) can be used to determine the increment and temperature rise 
time when a microwave field is superimposed. 


For the sake of simplicity we will make the vollowing assumptions in our solution. 
1. The entire microwave power is applied to the Faraday dark space, where the trans- 


fer of energy from electrons to gas particles is mainly effected by elastic collisions, i.e. , 
v= % and 6 = 6y = 2m/M (M is the mass of a molecule). 


The temperature of the molecules is considerably less than that of the electrons; 


Mine, Wize 
3. The applied power is small, so that Ty —Ty =-AT<Ty, we 


Z 
4. When calculating the temperature rise time we will ignore the variation v in the ex- 
pression 1/ (w2 + v2). 


Taking these assumptions into account, we have 


2 2 2 
i a éver OWT — GL) metavie 
v pA 


ae 


i (4) 


If it is taken that the principal collisions are collisions between electrons and molecules, 
Eq. (4) can be rewritten in the form 


4 q 


=A 4 VERS Mize 2 4 
a <4 | 4, 2, Vials 


2 
Vi 


The solution of this equation at the boundary condition v = Vy t = g is the function 


(Vv — Vy) (Va + VE v2 


Se A a ae set tg — — arctg — ] = —4 |v, 4+ —}] t. 
"0+ Yy) (Va — Vu) he ve (are 2 v2 5 Vi be 


Keeping the former assumptions, this function can be simplified if we take Vy > Vy: 
In this case we have 


—2vyt 
VY VE “ih (Vu — Vy) é 2 


= yeep (ie eu ) 
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or 


1 1 a = 
me oor ry —2dv_t 2 bd . 
mI eae Tauren a = La aie ). 


év al 
oe (5) 


in which Ty = 1/6 Vg; Vo = the frequency of the elastic collisions between electrons and gas 
molecules at the pressure p = 1 mm of mercury and electron temperature T = 1°K. 
Table 1 gives the values of 6, Vo and To 
Table 1 for certain gases. 
To find the temperature increment we use 
Eq. (2). Assuming the same simplifications as 


Gas He Ne Ar when determining the rise time, we have for a 
small sign 
2m |e i 
= 407 . -5 ° ri) Se er 
3= yz | 2,8-10-*] 5,5-10- | 2,8-40 INGE = Te oat 
vo, sec 2 | 8,2-10-8 |4,21-10-7]4,78-10-7 
To, sec 440, 1500 2000 


The electric field intensity E can be ex- 
pressed in terms of power flow through the waveguide P, in accordance with Ref. 12, by 
the relationship 

4P Re W 
|E~|? = PReW 


z 


where S and W are the cross section and characteristic impedance of the wave guide. Ina 
waveguide with an Hj9 wave, filled with a dielectric, 


377 
V el 3 


K 
, O, 


js ee 


If we consider as a first approximation that the gas discharge occupies the entire vol- 
ume of the waveguide, and that the dielectric constant of the ionized gas is expressed in ac- 
cordance with Ref. 11 by 


2 2 
pont 05 F ov 
wo? + vy? @ (@? + V?) ’ 


in which we =3.2:> 102 n, then when substituting E, W and ¢ into the expression for AT 
we have 


wie 


250e2P [ oF OF 5 6 
AT = 0 K ; Con 
Skmd (w? + y2) Re [1 @? + v2 @? a (@? + | 


(6) 


Let us consider two cases. 


1. wt? S we . When substituting all the constants we obtain 


AT = 1,4-1016P W, “uP (7) 
v2 pT \ So? v2 pT 
6 ( 4 0 x) é 0 a 
+ @* : «o? 
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in whichW, = 377/V 1 — (@x/@)*(ohm); S is the cross-section of the waveguide (cm?); Pis 
the power (mw); p is the pressure (mm Hg); AT and T are temperature (°K). The value x 
describing the increase in temperature when one mw of microwave power is applied is 
given in Table 2. 

2. w* Ss v2, In this case 


| 
ro [ 


(8) 


Table 2 Analysis of Eq. (8) shows that when the fre- 
oe quency and signal power are constant, AT increases 
Ga lume Net ae with n to a certain limit. If there is further increase 
in the concentration, A.T drops; roughly speaking, 


there will be_a decrease when the expression 

1 — (we + wo)w~ 2 becomes less than zero. Hence 
the maximum concentration and the maximum tem- 
perature increase can be found from the condition 1 — (wR + we yw-2 = 0, from which 


x, | 1,6 
degree/mw 


8 | 16 


Neoi= 3-10 | (1— =) |; 


MT max= JPY 2. (9) 


3. GAS-DISCHARGE DETECTOR TRANSMISSION FACTOR 


Equations (6), (7) and (8) can be used to find the dependence of the variation in the dis- 
charge current on the applied microwave power, since certain parameters affecting the 
discharge current vary with temperature. Indeed, the density of the electron current (the 
ionic part of the current in the Faraday dark space will be ignored) in the discharge is de- 
termined by the relationship [13] 


FED a + enki, 
in which D and K are, respectively, the difusion factor and the electron mobility. 

Since D, K and n are exponential functions of electron temperature T*, the increment 
in the discharge current in steady-state operation when the temperature varies by AT is 
given by 


in which Ip is the de component of the discharge current through the detector; C is a con- 
stant depending on that parameter whose role is considered fundamental in the variation of 
the discharge current. 

When considering different extreme cases, i.e., when considering the current to be 
either purely diffusional or solely a conduction current, and also when taking into account 
the change in electron concentrations, as a function of the change in the recombination co- 
efficient, we can determine a number of extreme values for the constant C, which varies 
from 3/2 to -1. 

It is quite possible that all the processes play a part in some way or other in varying. 
the discharge current, and that the role of a process may be predominant in different parts 
of the discharge. This may explain the variation in the amplitude, polarity and shape of the 
pulse when illuminating different parts of the gaseous discharge. 

On the basis of the experimentally extablished fact that in the region of maximum de- 
tection the discharge current increases when a microwave field is applied, and also taking 
into account the large part played by diffusion and recombination in the Faraday dark space, 
we can assume C = 1/2. 
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If a discharge tube is included in the circuit containing an emf in series with a load 
resistance r,,, a change in the temperature of the electrons in the discharge tube will 
lead to a change in the load voltage: 


Table 3 
AU 1 Mi AME Tyr y%P Gas | He | Ne] Ar 
= phy tL Si eae ai ’ i 
z "p ( a: Py) One Bo min |0,03} 0,2] 0,8 
: myv/mw 
where r_ is the internal resistance of the discharge Bo max | 5 | 25,6) 54 
gap. Pp mv/mw 
For small load resistances and high frequencies 
this expression can be simplified: 
Tor yuP 
AU ~ — =F 
H (10) 
Hence the gas detector transmission factor is 
AU 
B= >| = IoruBo- (11) 
Here B, is the transmission factor at I, = 1 ma andr ,, = 1 kilohm. 


The temperature of the electrons in the Faraday dark space lies somewhere between the 
molecule temperature T,,, = 300°K and the electron temperature in the positive column of the 
gas discharge T,,.- 

Table 3 shows the extreme values of the transmission factor calculated according to 
Eq. (11). For 80min it was assumed that T = Topog and T is taken at high gas pressures. 

When determining Bp;nax T was taken as 300°K. To obtain AT we used Eq. (2), in 
which Ty = Tyg = 300°K. 


4, EXPERIMENTAL VERIFICATION 


The conclusions were checked experimentally using gas discharge tubes both soldered 
to and temporarily joined to a vacuum system. As soldered tubes we used neon signal 
lamps of different types. 

The experiment was made at three wavelengths: d,, A9, = 4A, and Ag = 12Ay. The 
block diagram of the circuit used for the experiment is described in Refs. 1 and 2. Ba- 
sically, we tested certain relationships resulting from the analysis of Eqs. (5) - (10), and 
we studied the effect of microwaves on different parts of the glow discharge. Various parts 
of the discharge were excited by a cavity resonator fed from a klystron generator (A = 10 cm). 
The graph in Fig. 1b shows that the maximum signal was 
obtained when the Faraday dark space was irradiated. Table 4 

According to Eq. (10) the values of the detected sig- 
nal at AT < Ty and Ty are proportional to the applied 
power. Figure 2 confirms this conclusion. Zdornova [3] 
came to the same conclusion when she studied the beha- 
vior of a gas detector with microwaves. 

Examination of the dependence of the amplitude of 
the detected voltage on the discharge current (Fig. 3) 
shows that the transmission factor only increases monotonically with an increase in the cur- 
rent up to a certain value. Comparison of Fig. 3 with Fig. 4 makes it possible to compare 
the maximum concentration obtained theoretically and experimentally. 

Table 4 gives the results of this comparison. The calculation of the maximum concen- 
tration was based on Eq. (9). 

It is clear from Table 4 and Eq. (10) that the maximum concentrations and current 
increase with the signal frequency. Consequently, the transmission factor may be increased 
together with the signal frequency by increasing the discharge current. This is confirmed in 
Fig. 5 which shows the mean of the functional relationship between the transmission factor 
and the discharge current for two wavelengths A, and 421. 
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b 
Fig. 1. a) block diagram for a study of the effect of microwave radiation on dif- 
ferent regions of the discharge (1: negative glow; 2) Faraday dark space; 3) posi- 
tive discharge column;); b) change in detected load resistance voltage as a func- 
tion of the illuminated discharge region. 
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Fig. 2. Dependence of detected load voltage on power input: 
1 —)y, Ip = 4 ma, Py = 1.4 mw, MN-6; 2 — 4, 17 = 10 ma, Py = 1.4 mw, MN-6; 
3 —A1, I9 = 16 ma, PM = 0.8 mw, MN-6; 4 —hQ, Ip = 2 ma, Py = 10 mw, FN-2; 
5 — a, I) = 2.4 ma, Put 16 mw, MN-15; 6 —Ao, 13 =e Aamae Pyt 10 mw, MN-15. 


Fig. 3. Dependence of the amplitude of the detected voltage on the de component 
of discharge current for the same tube MN-6: 1 — dy; 2 — Ag = 4Aq;3 3 —AZ =12A, 
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Fig. 4. Dependence of the mean concentration of electrons in a discharge tube on 
the dc component of discharge current. 


Figure 5. Averaged transmission factor for a gas-discharge detector with MN-6 n 
neon tube: 1 — Ag = 443 2 — ry 
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Pom Hg 
Fig. 6. Dependence of the amplitude of 
the detected voltage on gas pressure for 
Ne: 1 —A77, 25 = 44);0 = Ae 12A4 


According to Eq. (7), as the gas pres- 
sure increases, the transmission factor of 
the gas discharge detector should drop. A 
decrease in the detected voltage is observed 
later as the signal frequency becomes 
higher. It is clear from Fig. 6 that this is 
qualitatively confirmed for Ne. The beha- 
vior of Ar and He is similar. A reduction 
in the transmission factor at low pressures 
may be explained by the fact that we ignored ' ey 
the non-elastic collisions, the number of DS GES hes ts 
which is inversely proportional to the pres- ; , : ‘ 
sure. Since 64y = 1/pk, the detected vol- Fig. 7. Dependence of the rise time of 


: ; the pulse on gas pressure for Ne (a), 
tage should drop appreciably at fairly small Ke (b) ana ne (ce). Thesretioa! pes 
pressures. 


Figures 7 a, b and c show the depend- ae age pics org oe 
ence of the rise time on the gas pressure. pos \~ pos : 


The solid lines mark the theoretical values a 
of the relationships plotted. 


CONCLUSIONS 


1. The gas discharge detector follows a square law at small input power values. 

2. The transmission factor of a gas-discharge detector is proportional to the power 
distribution of the signal being detected and inversely proportional to the square of the 
signal frequency. When standard waveguides are used as the spaces in which the gas dis- 
charge detectors are mounted, the transmission factor does not depend on the signal fre- 
quency, since the power density increases with the frequency. The transmission factor 
increases with the discharge current up to a certain optimum current, which can be de- 
termined by the ratio between the electron concentration and the signal frequency. This 
value increases as the signal frequency gets higher. 

3. The afterglow of a gas discharge detector depends on the nature and pressure of 
the gas. As the gas pressure increases, the afterglow decreases. 


The author takes the opportunity to express his appreciation to E. VY. Dmitriyeva for 
her assistance. 
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SOME THEORETICAL PROBLEMS IN THE OPERATION 
OF A MICROWAVE PHASEMETER 


S.B. Rubin 


The paper discusses theoretical aspects of the operational accuracy of the individual sec- 
tions of a serrodyne microwave phasemeter: the influence of frequency instability of the 
klystron oscillator, nonideality of the characteristics of the serrodyne method of frequency 
translation, standing waves in waveguides, and nonideality of amplitude limiters and phase 
detectors, upon the phenomenon of parasitic phase excursions in the high-frequency and low- 
frequency sections of the phasemeter. 


INTRODUCTION 


The use of the various methods of microwave phase measurement depends on requiremen 
for accuracy, rates of processes, automaticity of measurements, etc. Phasemetric systems 
with frequency conversion are convenient for measurement and automatic recording of rapidly 
varying phase shifts. In such systems the measurement of microwave phase shifts reduces tc 
the measurement of the phase shift of the signal at a lower frequency, which simplifies the us 
of automatic measuring devices. It is possible to eliminate much of the error in phase meas- 
urement due to a change in single amplitude without thereby increasing lag of the system. 

Frequency conversion in the phase measurement system is achieved by many methods. 


il 


The method of frequency translation by means of a traveling-wave or ferrite inserts into a 
waveguide [1, 2, 3] possesses a number of advantages. 

We shall examine below some theoretical accuracy problems of a phasemeter employing 
the so-called serrodyne method of frequency translation — translation of frequency by velocity 
modulation of the electron stream in a traveling-wave tube by means of a sawtooth voltage”. 
The phasemeter is intended for the recording of one-time processes with rapidly varying phase 
shifts at microwave frequencies**. 

A simplified block diagram of the phasemeter is shown in Fig. 1. The phasemeter con- 
sists of a closed high-frequency waveguide circuit and an intermediate-frequency circuit. The 
waveguide circuit includes: 1, klystron oscillator; 2, traveling-wave tube; 3, crystal mixer; 
4, decoupling ferrite isolators, matching elements, etc; 5, a so-called ''special waveguide 
gap.'' The i-f circuit consists of: 6, quartz-stabilized oscillator; 7, sawtooth voltage gener- 
ator, modulating the traveling-wave tube and synchronized with the quartz oscillator; 8, phase 
inverter; 9, i-f amplifier with r-f filter and 10 — two phase detectors: with direct indication 
of phase and with m-times amplification of measured phase shift; 11, amplitude limiters; 12, 
m-th harmonic filters. The recording and indicating elements are not shown on the block 
diagram. 


Figure 1. Block diagram of phasemeter. 


Phase shift and partial change in amplitude of the microwave signal occur in one of the 
arms of the high-frequency section due to a change in electrodynamic properties of the med- 
ium filling the special waveguide gap (hereafter referred to as the Q-gap). 

A signal of frequency fy is applied to the TWT input from the klystron oscillator. As the 
result of sawtooth modulation of the tube with the intermediate frequency fjf a signal with 
translated frequency f = fo + fig (or f = fo -fj) travelsfrom the output of this tube into the Q- 
gap and on to the mixer. Also applied to the mixer is a reference signal directly from the 
klystron oscillator. 

The intermediate frequency fj¢ is so chosen that it is considerably higher than the highest 
expected frequency components of the phase shift. 

The beat-frequency output signal is filtered so that only the fj¢ frequency component is 
extracted. The resulting signal is generally proportional to the amplitude of the input signal; 
the phase shift of the microwave signal obtained in the Q-gap is, in principle, entirely trans- 
lated to the phase of the output signal. Final measurement of the phase shift is performed at 
intermediate frequency fig by comparing the output signal with the reference signal from the 
quartz -stabilized oscillator. The phase inverter in the reference-signal circuit permits 
establishment of the initial phase shift. 

In comparison with the superheterodyne method of frequency conversion, the system dis- 
cussed does not require accurate stabilization of the frequency difference of the two microwave 
signals, since the system is a phase-coherent system. The use of a traveling-wave tube for 
frequency translation insures excellent isolation between the input and output signals at the 
translated frequency. 


*A detailed descriptidn of the process of frequency translation by means of a TWT is 
given in Ref. 1. 


**A model of such a phasemeter has been developed by A.M. Piltakyan, I. A. Khmel'- 
nitskiy, A.M. Kuznetsov and S.B. Rubin. 
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The phasemeter described is designed for recording a transient non-repetitive change in 
phase excursion of the microwave signal passing through the investigated Q-gap. Hence, the 
various internal or external factors causing a phase excursion which is constant or varies 
slowly need not be taken into account. They only lead to a change in the reference level at 
which the dynamic process of change in phase shift begins. Thus, in considering the causes o 
parasitic phase excursions it is first necessary to determine whether or not these excursions 
are sufficiently rapid in variation. 

The causes of error in phase measurement with the phasemeter, limiting its sensitivity, 
are many. The chief of these are discussed below. 


1. PARASITIC PHASE EXCURSIONS IN THE HIGH-FREQUENCY SECTION 


Influence of Standing Waves in Waveguide Sections. Despite the presence of ferrite 
isolators and matching elements, complete elimination of the reflection of signals in the wave- 


guide elements is not possible. With alignment of the system the standing-wave ratios are 
relatively small, which permits neglecting multiple reflections of waves in the first approxi- 
mation. Hence, we discuss below only the case wherein, in addition to the direct wave, only 
one reflected wave reaches the detector of the mixer. 

Let the detector be located at section x of a waveguide. Then the direct signal of fre- 
quency f,, + fj¢ reaching the mixer from the TWT output and passing through the Q-gap is 
described by the expression 


U, = A()cos[(o + 2t— Fa + VO], (L 


where w(t), the phase shift acquired in the Q-gap, is the principal quantity to be measured; 
A(t) is the amplitude of the principal signal; w = 27f,; Q = 2mfj¢; A is the waveguide wavelengt 
corresponding to frequency w. The value of A(t) depends on the electrodynamic properties of 
the medium in the Q-gap and is determined by attenuation of the signal in this medium. Hence 
it, also, varies over certain limits with time. The change in amplitude of the principal signal 
proves to be an unavoidable additional phenomenon complitcating phase measurement. 

Also reaching the detector of the mixer is the reference signal of frequency fp 


2 
U,=Dcos (ot — 2+), (2) 
io 


of constant amplitude and phase, and the corresponding reflected signals. 
The detector of the mixer usually operates in the standing-wave mode. In this case 


X= l-—, where tv is the distance of the shorting plunger from the coordinate origin. The 


4 ? 
complex reflection coefficient R of the waveguide discontinuity which is small in comparison 
with the wavelength and which represents the admittance Y an odd number of quarter wave- 


lengths from the shorting plunger is approximately equal to [4] 
R~=1—Zy,; (3 


where Z 5 is the characteristic impedance of the waveguide. In the present case the detector 
represents such a discontinuity. Under these conditions the sum signals of frequencies fo + fiy 
and f, will have amplitudes 


A, (t) = A(t)V 1+ 2pcosy +p, D, = DV 1 + 2p’ cosy’ + p® (4 
and the additional phase shifts 
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where p and p' are the moduli of the reflection coefficients and |y| and ly'l < 17. The presenc 
of the second terms in (5) may lead to phase distortion. If the quantity Y in Eq. (3) remains 
constant (or changes little) with a change in amplitude and phase of the incoming signal over 
the entire dynamic range, then the parasitic phase shift introduced is constant. Thus, this 
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shift is not detrimental in the investigation of the dynamic process. 


Influence of Crystal Mixer Characteristics. For a determination of the possible distor- 
tions arising in the mixer at various levels of the principal and reference signals let us use 


the fundamental formulas of the conventional theory of crystal mixers. The equivalent circuit 
of the mixer is shown in Fig. 2. The i-f load impedance Zj¢ is quite small for high-frequency 
signals. The principal signal u, and the reference signal u, may be dealt with in the from of 
Eqs. (1) and (2), including, for brevity, the constant phase difference of W (t). 

As was mentioned above, the rate of change of the functions A(t) and y (t) is much slower 
than the change in the principal harmonic component of the i-f voltage ujg. 

With excellent accuracy the static 
characteristic of the detector at voltages less 
than 1 v may be considered exponential: 


ig = jo (@"d — 1), (6) 


where jg isthe detector current, jg, aisthe detec: 

tion parameter and ug = Uc + Uy -uUjf is the volt- 

age drop at the detector. Considering the small 

magnitude of ujg and using the formulas for 

Fig. 2. Equivalent circuit series expansion of eX in Bessel functions, let 
of mixer. us extract the i-f current component (jg)j¢. The 

alternating i-f component is then represented 

in the form 


u~= pleas Fie eoeblats Goede (Qt + W). (7) 
if 1+ajolo (aD) Io (aA)Zn 


If the signal amplitude A(t) is sufficiently small and the amplitude D of the reference signal is 
large (that is, conversion is achieved at a high level), then Eq. (7) reduces to the form 


sts ai Zig I, (aD) 
ue STE ai ph ely (@D) A cos (Qt +- Mae (8) 


Equations (7) and (8) show that in both cases the phase shift W (t) is entirely transferred to the 
i-f signal. The amplitude distortion which occurs in the first case (i.e., if the level of the 
principal signal is also sufficiently high) may not be sufficiently high for the measurement of 
the phase shift if I, (aA(t)) does not vanish. 

Thus, in the phasemeter mixer an increase in the power of the principal singal is permis- 
sible in comparison with the usual case of conversion at high level. At large losses of the 
principal signal in the Q-gap this factor is of considerable importance. 

Equation (7) or Eq. (8) may be used for the case where the sum signa! Ug + uy is presented 
in the form of Eqs. (4) and (5). Considering, for the sake of simplicity, that the amplitude 
A(t) is sufficiently small, from Eq. (8) we obtain 


so Qj Ziel (aD ): , 
uy Baca A; (t) cos (Qt + ¥ () — p+ s—s’J. (9) 


Thus, the phase error due to the reflected wave in the mixer is expressed in the form 


5. ae ens (10) 


) is an insignificant constant phase shift; the difference s-s' may depend only slightly on time 
and distorts the measurements during transients. 

Nonideality of TWT Characteristics and of Sawtooth-Voltage Generator. It was assumed 
above that an ideal translation of frequency is achieved by means of a traveling-wave tube. In 
practice it develops that the output signal contains not a single spectral line corresponding to 
the translated frequency f, + fie (or f e -f; ¢) but a band of frequencies separated from the fre- 
quency of the output signal by harmonics of the frequency of the sawtooth voltage fg. With 
proper adjustment of the tube and amplitude of the sawtooth voltage the amplitudes of these 
harmonics are considerably lower than the amplitude of the main output signal. These 
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harmonics are caused by [1, 2]: (1) amplitude modulation of the r-f signal, since in sawtooth 
modulation of the voltage at the helix of the tube its gain varies slightly; (2) a nonlinear rela- 
tion between the input-signal phase shift and the sawtooth voltage (modulating the electron- 
beam velocity) causing this shift; (3) sawtooth defects: finite flyback time, nonlinearity, 
variable slope, incorrect choice of slope. 


Fig. 3. Signal spectrum after serrodyne conversion. 


Frequency conversion by means of a traveling-wave tube may be observed, for example, 
by the use of a spectrum analyzer. Figure 3 gives photographs of the spectrum of the output 
signal of a tube for the 3-cm band: a, spectral line corresponding to the initial frequency 
fo= 104 Mc (without sawtooth modulation); b, spectrum of the output signal with sawtooth- 
voltage modulation of frequency fjf = 250 ke (here we see the lines for the signals of the 
principal frequency fy, the translated frequency f, + fj¢ and the harmonics); c, spectrum of 
the output signal after adjustment of the tube and the correct selection of the sawtooth-voltage 
amplitude (we see essentially only one spectral line fo + fj; the amplitudes of the signal fy and 
the residual harmonics are largely suppressed). 

The the reasons given above it is not possible to completely eliminate additional har- 
monics. In the mixing of the output signal with the reference signal there is obtained at the 
mixer output a signal of complex spectral composition, containing harmonics which are 
multiples of frequency fj. Due to the resonance properties of the i-f amplifier (tuned to fj) 
most of the harmonics do not contribute to the parasitic phase excursion. The harmonic re- 
sulting from the presence of the incompletely suppressed image-frequency signal fo -fj¢ at the 
tube output is detrimental. 

Assume that the signal at the output consists of only three frequencies: w+ (the 
principal frequency and frequencies not wholly suppressed), w - 2 (the image frequency) and w 
(the initial frequency). The corresponding ratio of amplitudes is 1: a: B, where aw and f are 
small in comparison with unity. Since all three frequencies are extremely close, the proper- 
ties of the medium in the Q-gap are identical for all three signal components. Hence, the 
phase excursion and change of amplitudes with time in the passage of the signal through the 
Q-gap will also be identical for the components. 

The intermediate-frequency signal at the mixer output may be expressed in the form 


Zifio [Zo (aD) —1+:Bal; (aD) A(t) cos ¥ (t)] 3 
ite ae 1 + 4704 Jo (aD) 
afoL, Jy (aD) (11) 


hy Tah Joey A(t) V1.0 cos [Q¢ + F (é)], 
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where 


vette gS ] 
Hi(t)\i ate tg |; aa te ¥(t)). 
It follows from Eq. (11) that the frequency component of the initial signal affects only the "de 
component of current.'' The component at the image frequency leads to phase-shift distortion. 
Since wis small, with | ¥(t)|< 1/2 we may write 


F (t)~ ¥ (t) + a sin 2¥ (2). (12) 


The second term in Eq. (12) evidently represents the phase distortion in the high-frequency 
section due to the presence of the uncompensated image-frequency signal. 

The influence of parasitic sawtooth modulation of gain with frequency fjg may be examined 
directly. In this case the signal at the mixer input may be expressed in the form 


1 8 U 


(ees (1 b y soe) y (t) Cas [(@ 2 Q)t ey (t)], (13) 


n=1 
where b is the percentage modulation. As the result of conversion the i-f signal at the mixer 
output is 


= ajoly (aD) Lif 
= oa + ar ee (aD) A () 
1 


{cos [Qz¢ -+- VY (t)] — = sin [Qt — ¥ (o} : (14) 


and, as was to be expected, it differs from Eq. (11) only in the constant phase shift. Thus, 
knowing the index of parasitic modulation of gain of a traveling-wave tube it is possible to 
determine the magnitude of phase distortion caused by this modulation. 

Influence of Klystron Instability. Due to the face that the system is coherent in principle, 
in the ideal case frequency instability of the klystron should not lead to distortion of the in- 
vestigated effective phase shift obtained in one of the channels. Actually, however, due toa 
dependence of the parameters of the elements of the section on frequency and due to nonidentica! 
electrical lengths of the two channels, klystron instability affects the accuracy of phase-shift 
measurements. 


(a) Influence of Delay in One of the Channels. Let us represent the signal of a klystron 
with frequency instability in the form 


u = B cos [@) + Ao (t)} t, (15) 


where 4u,(t) is a function satisfying the condition max |Au(t) |< wo and indicating the frequency 
drift of the klystron. 

This signal is divided into two signals arriving at the mixer through different channels with 
a delay of one of these signals relative to the other. The signal passing through the TWT and 
Q-gap arrives with translated frequency and an additional (effective) phase shift W(t). For the 
case of conversion at high level on the condition that the value of delay Tis small, phase dis- 
tortion is represented as a function of time 


F (thane, (16) 


(b) Influence of Nonideality of the Frequency Characteristics of the Reference-Signal 
Channel and the Principal-Signal Channel. For the sake of simplicity let us assume that there 
is only one element (for example, in the reference-signal channel) with a nonideal frequency 


characteristic. The signals at the input and output of this element are related as follows 


Yount = 4G) = (2) D cos [o (t)t + (SS) r (17) 


Wo 


where the quantity H (CO) md = ine ay indicates the change in amplitude and @ ( 2 o)) eS? 


o dw @ J @ do 


the change in phase of the signal. In addition, H(1) = 1 and (1) = 0, that is, at the nonimal 


116 


frequency no distortion is introduced. 
With these assumptions the i-f signal at the mixer output is represented in the form 
S a}o4 ela [aD (1 + &)] 


U. = 


SA Neti £ Aodp 
if TF ad fold ay 4 cos [r+ W(t) + ip (16 


@ do 


where a(t) denots a small absolute value of _ “ . In the given case phase distortion in 


the high-frequency section is expressed by the term 
PGS] = Ae) (1s 


where Aut) is some (possibly random) function of time. 
2. PARASITIC PHASE EXCURSIONS IN THE INTERMEDIATE-FREQUENCY SECTION 


It was shown in the preceding paragraphs that under certain conditions the signal reachin; 
the intermediate-frequency section from the mixer and i-f amplifier has the form 


u = QA (t) cos [Qt + Y (é)], (20 


where Q = const and W (t) is the measured phase shift. 

Dependence of the signal amplitude on time complicates direct measurement of phase at 
the intermediate frequency. Within the intermediate-frequency section this dependence may k 
eliminated by two methods: by automatic gain control or by signal amplitude limiting. With 
automatic gain control there may occur time-dependent parasitic phase shifts, which always 
arise in the presence of feedback in combinations of linear and nonlinear elements [5]. Hence 
the second method is more suitable. Distortions introduced in using the method of signal 
amplitude limiting are discussed in greater detail below. 

1. In the ideal case bilateral limiting of the signal must be achieved by means of an 
element with the volt-ampere characteristic show in Fig. 4. In actual cases the limiter 
characteristic is a compound curve or, in the simplified case, a combination of broken lines 
as shown, for example, in Fig. 5. In calculating the analythical form of the functions j = f(u) 
represented in Figs. 4 and 5 (as well as for othér more complex cases) the following formula 
is convenient: 
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where é(p) is the Laplace transform of these functions displaced upward along the ordinate axi 
by H)/2. For the first case (Fig. 4) 


E(p)=h(P)= =; (22 


for the second case (Fig. 5) 


E (p) = §2(P) =H, tg0| 5 — as bs (23 


Fig. 4. Characteristic of Fig. 5. Limiter characteristic. 
ideal limiter. 
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The signal is a function of time u = u(t). In order to determine the spectral composition 
of current as a function of time j(t) by means of Eq. (21) in many cases it is sufficient to de- 


termine the spectrum of function epu(t). 
Let us use Eq. (21) for a signal of the form (20). Let 


u(t) = E(t) sin (Qt + W (¢)] + uy. (24) 


Let us also assume that amplitude modulation does not reach 100%, i.e., E(t) >E, >0. 
We may write 


exp {p [uy + £& sin (Qt + ¥)]} = 
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Substituting this uniformly converging series into Eq. (21) and integrating term by term, 
we obtain the expansion of the current j(t) in a series of the Taylor type (in this case the series 
cannot be termed a Taylor series since its coefficients are slowly varying functions of time). 
The corresponding coefficients are easily calculated if we use the known integral representa- 
tion of the functions I, (q): 
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In the case of the nonideal characteristic (Fig. 5) the precise expressions for the coeffici- 
ents are quite lengthy. For the sake of simplicity let us assume (as does in fact occur) that 
the current rise occurs quite rapidly (i.e., tg @is large and b = Hp ctg 8 is small). In addi- 
tion, let us proceed directly to an examination of symmetrical limiting wherein ug = b/2. 

Then we obtain an approximate form in which the errors in the coefficients of the series are 
at least one order less than b/E. 


b 
2 cosy (2h A) an 
Ove aes | ae FO) sin [(2k + 1) (Qt + ¥ (t))]. (27) 


Thus, the current j(t) depends on the change in amplitude of the input signal. In the ideal case 
b=0. 


2H» a sin [(2k +1) (Qt + ¥ (t 
j (t) as < 0 Sy sin [( =, 5 7 =e (2) . (28) 
k=0 


j(t) is independent of changes in the amplitude of E(t). 

2. Final detection of phase shift in the phasemeter occurs by comparison of the principal 
signal with the reference signal from the quartz-controlled oscillator. After passage through 
the limiter, in accordance with Eq. (27) we have 
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sin [(2k ++ 1) (Qt + ¥ (t))). (29) 


k=0 


After passage through the limiter in the reference-signal channel the sinusoidal signal of the 
quartz-controlled oscillator also acquires the form of Eq. (29): 
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where b' is a limiter parameter similar to the parameter b, Eye¢ is the amplitude of the refer- 
ence signal. In contrast with Eq. (29), Eyer is independent of time. 
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Comparison of the principal signal and the reference signal is performed in two parallel 
channels by means of coarse and fine phase detectors on the condition (stated above) that the 
change in amplitude E(t) and phase V(t) occurs many times more slowly than the change in the 
function sin Qt. 

(a) "Coarse Channel." The sum voltage u = dug (t) + B Uref(t) is applied to a diode 
detector which, for reasons of simplicity, we shall assume is a square-law detector. The 
coefficients @ and Bcharacterize the summing element. 

The detector characteristic is jq = sjug* + sgugq + 83, where jg is the detector current, 
Ud = Hug + B uref -v is the detector voltage and v is the low-frequency voltage at the load 
resistance r of the detector. The low-frequency component of current is obtained in the form 
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The sums are calculated in final form and, as the result, we have 
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Equation (32) is valid in the case where the values within the absolute signs are less than 7. 
Designating the expression within braces in Eq. (32) as F(W) and considering the usual relation- 
ship of v = r(jg)=, we find 


tt ree & Vl rs) & Arey [99 + U2 (BI (33) 
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Thus, the indicator displaying the output voltage of the coarse channel of the phasemeter must 
in this case be calibrated in accordance with Eq. (33). 
Let us discuss the expression of F(¥) in greater detail. In the ideal case b = b'=0, a=8 


F(¥) = 23 [a1 ¥ OI] (34) 
That is, the phase may vary continuously from zero to 7. If the summing element is 


a symmetrical (that is, if ~ 4 ), then the constant phase shift is insignificant. In the general 
case b and b! are other than zero but sufficiently small. With aw =8 we have 


m2 4 butt zs 
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The time-dependent additional component takes into account phase distortion owing to limiter 


imperfection. 
With phase shifts 
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tef 
F(W) may vary in steps. This indicates that within the limits of Eq. (36) there exist zones of 


insensitivity. A 
(b) "Fine Channel."' In this channel, from Eqs. (29) and (30) there is eliminated any 
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m-th harmonic of frequency 2 and then there is performed a measurement of the relative phase 
shift, which thus proves to be increased by m times (m = 2.ki+ 15. k= i, 2ip85e oe) ee be yinpem 
signals of the phase detector are 


we= Us cos 77 sin m [Qt + WY (2)], Gu 
We U,cos ae sin mQt. (38) 
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As is seen from Eq. (37), the principal signal is obtained as an amplitude-modulated signal 

although the percentage modulation due to the smallness of parameter b is not great. 
Phase-shift detection by means of a balanced peak detector adjusted for linear operation 

leads to the following result: the indicator of the balanced peak detector must react to a 

quantity v proportional to the amplitude difference of the sum Wc+ Wref and difference 

Wo - Wref signals. In view.of the small value of mb/E and mb'/Eyeg, this quantity may be 

reduced to the form 


v~ 2Uoy/ 1 —m? Kea As (a—)'] {cos a0) = sin YO}. (39) 
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The coefficient preceding the brace depends on the change in amplitude E(t) of the input signals 
and leads to distortion of the results of the measurement. In order to eliminate this distortion 
it is convenient to limit the amplitude of the input signals of Eqs. (37) and (38) before detection. 


CONCLUSIONS 


We have listed a number of factors which have proved to be of probable influence on the 
accuracy of phasemeter operation. Theoretical examination of the effect of these factors has 
been based on the following principle: the measurement distortion introduced by each of these 
factors is considerable in the event that the error is a function of time varying at a rate com- 
parable with the rate of change in the measured phase shift (i.e., if it leads to distortion of 
measurements of the transient process). This principle follows directly from the prupose of 
the device. 

On the basis of theoretical examination several practical conclusions have been obtained 
concerning requirements for the various units of the installation. The chief conclusions (in 
addition to the obvious conclusions concerning the necessity for optimum matching of all 
elements of the high-frequency section, decrease in the gain modulation of the traveling-wave, 
high stability of the klystron oscillator, high quality of amplitude limiters, etc) are as follows. 

1. In designing the crystal mixer it is necessary to insure constancy of detector admit- 
tance over the entire range. 

2. The basic circuit permits conversion of a high frequency to an intermediate frequency 
at an increased level of the principal signal. At large losses of the principal signal, with a 
change in properties of the medium in the Q-gap, this circumstance is of great importance. 

3. Among the detrimental harmonics entering the i-f section greatest harm is caused by 
the harmonic resulting from the presence of the image-frequency signal. This places special 
requirements on the i-f amplifier. 

4, In order to eliminate the influence of changes in amplitude of the input signals an 
additional amplitude limiter must be installed in the fine phase-detection channel. 

5. If itis not possible to eliminate the detrimental factors by practical methods, we may 
evaluate their effect from the formulas given in the appropriate sections of the paper. 
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OPTIMAL ELECTRON BEAM FOCUSING 
IN A PERIODIC TRAVELING-WAVE 


TUBE FOCUSING DEVICE 


A.L. Igritskiy 


A new analytical method is presented for determining the parameters of a traveling- 
wave tube(TWT) periodic focusing device for optimal electron beam focusing. It is shown 
that the proposed method ensures considerably less rippling of the beam in the periodic de- 
vice than the Chang method used at the present time. The new method makes it possible to 
obtain the correct beam configuration which is also a function of the conditions at the input 
to the periodic device. It is shown that the best focusing conditions are obtained when the 
electrons enter the periodic field at maximum induction. 


INTRODUCTION 


One of the most important problems in designing a periodic travelling wave tube (TWT) 
focusing device is to ensure a small degree of ripple in the electron beam. It is only in the 
case of small electron oscillations around an equilibrium radius that the greatest percentage 
of cathode current can be passed to the collector and minimum noise factor in the tube en- 
sured. 

Analysis shows that the ripple of the electron beam in a periodic device is determined 
by the following three focusing parameters: the maximum induction of the periodic magnetic 
field B,9, the period of the magnetic field L, and the axial component of induction at the tube 
cathode B,,. The conditions under which the electrons enter the periodic field also have an 
effect on the ripple. 

The analytical method of ensuring a small degree of ripple of the beam is set forth in 
Ref. 1. As shown below, however, this method does not provide conditions for optimum fo- 
cusing. On the basis of an analysis of the electron trajectory equation in the periodic device, 
given in Ref. 2, this article determines the conditions for optimum focusing, ensuring correct 


121 


shape and small amplitudes of the beam ripple. Theoretical formulas are derived which 
make it possible to determine the maximum focusing conditions for any tube parameters. 


1. SIMPLIFIED EQUATION FOR ELECTRON TRAJECTORY IN PERIODIC DEVICE 


The electron trajectory equation for the periodic focusing device obtained in Ref. 2 may 
be used to determine the principal parameters of this device: B,g, Land B,;, at which op- 
timum focusing of the electron beam is ensured. But to obtain simple and convenient rela- 
tionships, this equation has to be simplified to the maximum extent. The calculation of the 
electron trajectory, made in Ref. 2, and a number of other computations show that the main 
contribution to the amplitude of the electron oscillations in the periodic device is made by 
the principal oscillation harmonics in the solution of a uniform Mathieu equation determined 
by the stability zone n. The amplitude factor of this harmonic is equal to c,. The amplitude 
coefficients of the higher and lower [c,;9 etc.] harmonics cyi9, Cy—g are one or two orders 
smaller than the coefficient c,. Hence, we can ignore the terms containing the coefficients 
Cy+Q and c, _», with a comparatively small loss in accuracy, in the formula for beam 
ripple given in Ref. 2. As a result of a series of simple transformations, we then obtain the 
following equation for the ripple 6 of the electron beam: ‘ 


8 (t) = “Leos [Va (t —t)] — ape = c08 (Va (t — ta) + 2h} | 
= b 
= Wen pvi cs Valt to) — 2to} =a 1 cos Dain (1) 


In Eq. (1) the values 6 and t are related to the radial and axial coordinates of the elec- 
tron r and z by the following 


t= Sz, (2) 
r=r (1+). (3) 


Here, rg = const and represents the radius, close to which there are slight oscillations of 
the electron. 

The constant coefficients, a, b and q in Eq. (1) are expressed in terms of the TWT 
parameters and the periodic magnetic field. From Ref. 2 we have 
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In these equations © is the potential of the second anode in the electron gun, 7 is the 
ratio of the charge to the mass for an electron; I is the current in the tube beam €9 is the 
dielectric constant of vacuum, and ry, is the radial coordinate of the peripheral electron at 
the cathode, whose trajectory determines the configuration of the electron beam. 

When deriving Eq. (1) it is assumed that the magnetic field varies sinusoidally: 
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and that the extreme electron enters the periodic magnetic field at the point z = Zg, with 
a radial coordinate r = rg, moving parallel to the axis z. In accordance with Eqs. (2) and 
(3), the initial conditions were taken for 


fzafase terol Oh BO. 
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Next, let us consider the calculation of the parameters of the periodic focusing device 
for two particular values to = 0 and to = 1/2. The first value of tg corresponds to a case in 
which the electron enters the periodic magnetic field at a point where the induction is zero, 
and the second case is for a point where the induction is maximum. 


2. CALCULATION OF PARAMETERS OF A PERIODIC FOCUSING DEVICE FOR THE 
CASE IN WHICH THE ELECTRONS ENTER THE FIELD AT MAXIMUM INDUCTION 


Setting tg = 7/2 in Eq. (1) we obtain an equation for the ripple of the electron beam in 
the form 


b 2 = 1 b 2 
died sere oe MENG Sa Nara saree (11) 
It is desirable to have the ripple of the beam as small as possible. Let us consider 

methods by which this may be done. 

a) Chang's method [1]. By selecting a relationship between the induction at the cathode 
By, and maximum induction of the periodic field Bzg, we try to make the coefficient b = 0, 
and then reduce q to the maximum extent by selecting the lowest possible magnetic field 
period L. As is clear from Eqs. (4) and (5), as L decreases, a and 2q decrease as well. 
For fairly small periods La <«< r, so they can be ignored. As a result, atb=0, Eq. (11) 
can be written in the form 


29 [anes vk a 
C= — a {eos 2t + cos [Va il — +)h : (12) 
4 
We can see from Eq. (12) that asq +0, 6~0, i.e., the ripple of the beam can be made 
as small as we please with a corresponding reduction in the period L. From Eqs. (11), (2) 
and (3) the configuration of the beam at b = 0 can be described by the equation 


r=M+Toz = {cos [Va ee i 5) - COs & 2) ‘ (13) 


in which z > L/4. As an example let us determine the configuration of the beam r = f(z) 
for a TWT working in a periodic magnetic field with induction Bzg = 3.4 - 10-2 webers/ m2, 
and period L = 1.4 cm; Bz, = 2.22 - 10-2 webers/m?, For this tube the parameters as de- 
termined by Eqs. (7) and (8) are Ap =7.75 * 10-2, and By = 0.89 - 10-4, and the coeffi- 
cient a will be taken as equal to unity. As a result of calculation by Eqs. (4) - (6) we have 
a = 0.396, q = 0.0533 and b = 0. Figure la shows the configuration of the electron beam 

r = f (z) in the case of Chang's method of focusing for these values of the coefficients 

when derived by Eq. (13). We see that the beam has a highly regular boundary. The os- 
cillation of the extreme electron occurs about the input radius ro and the maximum ampli- 
tude of the oscillation is 


= af 
Bye ae lige (14) 


The radius of the electron beam in the periodic device may be greater than at the input 


by a factor 7 — i, The maximum relative variation in the radius due to oscillations of the 
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electrons is as 100%. Using Eq. (14) and taking Eqs. (4) and (5) into account, we show 
es 


in Fig. 2 the dependence of the amplitude of the ripple on the magnetic field period in the 
case of focusing by the Chang method. 
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Fig. 1. Configuration of electron beam r/Tq = f(z) in periodic magnetic field 
(tg = 7/2): a) focusing by Chang's method; b) by the new method. 


b) New method of ensuring small ripple of the electron beam. This method is better 
and consists of the following. The parameters of the periodic focusing device B,9, L and 


the induction at the tube cathode B,; will be selected in such a way that the first term in 
Eq. (11) vanishes. This will clearly happen when 


2q re bo 
a—4 a (15) 
The ripple of the electron beam in this case is equal to 
8(t) = — 2 (1 + cos 2t) = 4 (1 + cos 24). (16) 


Using Eq. (16), it can be shown, in the same way as was done for Chang's method, that 
as the magnetic field period decreases, the ripple of the beam tends to zero. 


After substitution of values from Eqs. (4) - (6), Eq. (15) will relate to three parameters 
B,zo, Land B,),. On this basis we can arbitrarily choose two of them, and determine the 
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third from Eq. (15). We will deal in detail with a case in which the amplitude of the 
periodic magnetic field is given and constant: B,9 = const, while the induction at the cathode 


ag 2 By, may vary. Let us see how in this case 
a-4% 7 a the amplitude of the beam ripple b/a and the 
a5 Bee a a ; 
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Fig. 2. Amplitude of beam ripple as a For the given tube at B,g = const, the 
function of magnetic field period: a) fo- coefficient k = const. Fig. 3 shows the rela- 
cusing by Chang's method (4q/(a — 4) = tionship b/a = f(y) from Eq. (18). The para- 
f(L); b) by the new method (to = 1/2) meters of the tube and the field were given 
((b/a), =f(L)); c) by the new method before. 
(to = 0) ((b/a)o = £(L)). Now let us see how the period L varies 
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Fig. 3. Amplitude of beam ripple b/a = f(y) and magnetic field period L = f(y) 
as a function of the degree of screening of cathode y when focusing by new 


method (ty = 1/2). 


with y. To do this we will substitute values from Eqs. (4) - (6) into Eq. (15). Solving the 
equation obtained with respect to L, taking into account the symbols in Eq. (17), we have 


8k (1 — 2ka® — 2a%y) 


i, (1 + 2ko? + 6aty) (1 — ka? — ay) (19) 


Figure 3 shows the relationship L = f(y) from Eq. (19). The hatched area is where the 
magnetic field period is imaginary and where, consequently, it is not possible to focus by 


the new method. 
Using Fig. 3, we have plotted a graph on Fig. 2 showing the amplitude of the beam 


ripple as a function of the magnetic field period (b/ a)y = f{(L) when focusing by the new 
method. Figure 2 shows that at this period, the amplitude is approximately half, when using 


the new method, of what it is by the Chang method. 
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An equation describing the configuration of the beam can be obtained from Eqs. (2), 
(3) and (16), as follows 


r=%—Tp : [! i COS (= 2)|, (20) 


where z > es It is not difficult to see from Eq. (20) that for values of y on the left of the 
hatched area in Fig. 3 the radius of the beam during oscillation cannot exceed its value at 
the input to the periodic device. The configuration calculated by Eq. (18) - (20) for a TWT 
with the above-mentioned parameters at maximum induction of the periodic field 

Boo = 3.43: 10-2 webers/m? and cathode induction B,, = 2.1 ° 10-2 webers/m2? is given in 
Fig. 1b. We see that the oscillations of the extreme electron are around the mean radius 
Tmea = Tol — x) and the maximum amplitude is ro ae The radius of the electron beam in 


the periodic device cannot be greater than that at the input to the device, and this gives the 
new method of reducing ripple a further advantage over Chang's method. The maximum 
relative variation in beam radius during oscillations which has an effect on the tube's noise 


factor is 22 , using the new method. This variation is approximately half as much as in the 


Chang method. 

A periodic device with the parameters calculated above was built for experimental pur- 
poses. The periodic field was created with permanent ring magnets. The exact value of in- 
duction at the cathode was found by an electromagnet placed in the region of the TWT elec- 
tron gun. Tests showed that for this device there was a 98% current transfer to the collec- 
tor of the tube. 

We studied focusing by the new method in the region of small y. At large y, i.e., for 
the focusing region on the right of the hatched area in Fig. 3, b/a is negative and, conse- 
quently, during oscillation the beam radius cannot be less than rp. The chief advantage of 
the new method of selecting focusing parameters at large y is the possibility of using mag- 
netic fields with a large period, but, in view of the high amplitudes of oscillation, the fo- 
cusing area with large y is hardly suitable for low-noise TWT's. 

As has already been pointed out, Eq. (15) relates the three parameters, B,g, L and 
Bz;- We have considered in detail a case in which B,¢ and B,; have been given. The period 
of the magnetic field L and the amplitude of the beam ripple were calculated from Eq. (19) 
and (18). But in practice it often happens that the parameters of the periodic field — 

Land B,9 — are given. In this case the induction at the cathode may be found from 
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Equation (21) is obtained from Eq. (19). 

If the cathode induction Bz, and the period L are given, the maximum induction required 
for focusing can be determined from Eq. (16). Substituting the values obtained from Eqs. (4), 
(5) and (6) into it, and solving the equation obtained, we have 


Bi = ByV 22, 


in which 
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Considering that there are three parameters Bz, B,, and L requiring calculation, and 
only one equation relating them, we can introduce any additional condition, for example, the 
condition of constancy of the beam ripple amplitude 


6 1—2ko? — 2a4y 
a 1+ 2ka® + baty 


= A= const. (22) 


In this case only one of the parameters may be given arbitrarily, and the two others 
must be found from Eqs. (15) and (22). 


3. CALCULATION OF PARAMETERS OF A PERIODIC MAGNETIC FIELD FOR THE CASE 
IN WHICH ELECTRONS ENTER THE FIELD WITH ZERO INDUCTION 


If an electron enters the periodic magnetic field at the beginning of the period at zero 
oe we can assume ty = 0, in Eq. (1), taking Eq. (10) into account. As a result we 
ave 


ee CL = b 2 
6 (t) =(- — gay) cos Va—2 + 4 008 24, (23) 
Using the method proposed in the foregoing section, we will select the parameters of 
the focusing device in such a way that the first term of Eq. (23) vanishes. This will ob- 
viously occur when 
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In this case the ripple of electron beam 
will be equal to 


6 (t) = — 2 (1 — cos 24). (25) 


, As in the foregoing section, let us con- 
guy | {oe sider in detail the calculation of parameters 
of the focusing device when B,g is the only 
constant. Here it will be assumed that the 


Fig. 4. Amplitude of beam ripple induction at the cathode may vary continu- 
b/a = f(v) and magnetic field period ously, and we will determine the variation 
L = f(y) as a function of the degree in the magnetic field period and beam ripple 
of screening of cathode y when fo- amplitude accordingly. In the given case the 
cusing by new method (tg = 0) amplitude can be determined as before by 


Eq. (18) and the graph for the above- 
mentioned tube is plotted in Fig. 4. It was assumed that B,g = 3.4: 10-2 webers/m“. The 
formula for the magnetic field period is obtained from Eq. (24) after substitution of values 
from Eqs. (4) - (6) and Eq. (17): 


L=n Vie 8k (1 — 2ka* — 2047) 
=Ap (1 4 Dho® -- baty) (ko® -+ ay) ° (26) 


Fig. 4 is a plot of the relationship L = f(y) from Eq. (26). The hatching shows the re- 
gion in which the magnetic field period is imaginary, and, consequently, the new method 
cannot be used for focusing. The dotted line in Fig. 2 derived from Fig. 4 represents the 
variation in the amplitude of oscillation due to the magnetic field period (b/a)g = f(L). By 
comparing the curves we can see that in this case as well, for small L the increase in 
amplitude with the increage in period is slower than in Chang's method. From Eqs. (2), 
(3) and (25), the configuration of the beam in the given case will be determined by the 
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r=ry9—To~(4 cos * 2), (27) 


in which z > 0. 
Figure 5 shows the configuration of the electron beam calculated from Eqs. (18), (26) 
and (27) for a TWT with the above-given parameters at maximum induction of the magnetic 
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Fig. 5. Configuration of electron beam r/rq=f(z) in a periodic magnetic field when 
focusing by the new method (tg = 0) 


field B, 9 = 3.4 - 10-2 webers/m? and cathode induction B,;, = 2.36 - 10-* webers/m2. We 
see that the oscillations of the extreme electron occur near the mean radius (f¥me,g = Tg 


(1+ By and the maximum amplitude is equal to ro 2 . The radius of the electron beam in 


the periodic device cannot be smaller than at the input to the device. This shows that in the 

given case the focusing is worse than when electrons enter the field at maximum induction, 

since it is more probable that the electrons reach the helix. Furthermore, we can see from 
Fig. 2 that the oscillation amplitude in the given case increases more rapidly with an in- 


crease in L. The maximum relative variation in beam radius during oscillations is 2 rare 


This variation at small values of the magnetic field period is approximately half of what it 
is in Chang's method. 


CONCLUSION 


The new method for calculating the parameters of the periodic TWT focusing device 
for optimum focusing of an electron beam differs from Chang's analytical method used at 
the present time. Chang's method uses the condition b = 0, but in the new method the con- 


dition b = “a ee 0 is used in selecting parameters for the device. As a result the 
new method has a number of advantages. They are as follows: 

1. It ensures considerably less ripple in the electron beam in the focusing device, 
which is particularly important in making low-noise TWT's. 

2. It makes it possible to obtain a given correct configuration of the electron beam. 
Here, (1) if the electron beam enters the periodic field at maximum induction, the radius 
of the beam during oscillation of the electrons in the periodic device cannot be greater 
than that at the input to the device (see Fig. 1b). This fact makes it easier to adjust the 
focusing device by increasing the gap between the beam and the TWT helix; and (2) when the 
electron beam enters the periodic field at zero induction, the radius of the beam, conversely 
cannot be less than the radius Lg (see Fig. 5). 

3. To ensure conditions for the best focusing when using the new method of deter- 
mining the parameters of the device, the aim should be to make the electrons enter the 
periodic field at maximum induction. 
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SOME RESULTS OF AN INVESTIGATION 
OF TRANSMISSION SECONDARY 


ELECTRON EMISSION OF MgO EMITTERS 
N.L. Yasnopol'skiy, N.A. Karelina, V.S. Malysheva 


This paper describes a transmission secondary electron emitter. The transmission 
secondary emission of aluminum films 100—1000 A thick with MgO emitters deposited on 
them is discussed. It is shown that a decrease in Al thickness from 3000 to 350 A permits 
lowering the operating voltage from 11-18 to 3-4 kv with secondary-emission ratios of 5-8. 
It is noted that in such emitters the transmission secondary electron emission under cer- 
tain conditions may change to self-maintained emission. 


INTRODUCTION 


Investigation of transmission secondary electron emission for the purpose of creating 
efficient emitters has become a subject of constant attention. For the creation of transmis- 
sion aeiw substances possessing high surface reflection secondary electron emission 
are used. 

E. Sternglass [1] has described emitters consisting of a layer of KCl (an efficient 
emitter with thickness of ~: 600 A, with a conducting sublayer of Au 15—20 A thick, anda 
supporting layer of SiO 100 A applied to a fine-structured mesh. Such emitters possess a 
secondary -electron ration of O04, ~ 8.4 with a primary-electron energy of V, = 3.2 kev. 
However, in transmission operation (as in surface reflection operation) KC] emitters show a 
yield decreasing with time under the influence of electron bombardment. This decrease in 0 
is caused by the formation of centers of deterioration. 

A.I. Pyatnitskiy [2] prepared antimony-cessium transmission emitters (antimony layer 
400 A) on a glass film of 7500 A. These emitters yielded o xx 2.7 with V, = 20 kev taking into 
account the primary current incident at the glass base layer and 0 max = Qo? with Vp = 16 kev 
taking into account the current passing through the glass base layer. 

Ye. A. Krasovskiy [3] has reported on an antimony-cesium emitter on a metal base layer 


yaeclding Cay =|: 
It is contended that MgO is an extremely favorable substance for the creation of a secondary- 
electron emitter. In surface reflection operation MgO emitters show maximum secondary- 
emission ratios o =16 —24. They possess maximum stability in comparison with other emitters, 
sustaining a primary current density of 5 ma/cm2 at Vp = 300 ev for 800 hours [5]. 
V.G. Butkevich and M.M. Butslov [4] have created transmission emitters which consist 
of MgO on conducting film of Al with thickness ~ 3000 A. With MgO thickness of 0.19 
mg/cm? these yielded Omax = 3-2 with V, = 13 kev and with thickness of 0.73 mg/cm 
yielded Oy, = 8 with Vp = 18 kev. It may be assumed that the high primary-electron en- 
ergies required for the operation of these emitters are caused by the large energy losses of 
the primary electrons and the loss of primary electrons themselves in passage through the 


relatively thick metal base layer. 
For our work we constructed effective emitters of MgO with an aluminum base layer 
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on a fine mesh. This permitted decreasing the base layer thickness by one order of mag- 
nitude and obtaining high values of o by transmission at considerably lower primary- 
electron energies. 


1. EXPERIMENTAL PROCEDURE 


Investigation of the emitters was performed on a demountable vacuum system under 
a bell with rubber gasketing and evacuation by an oil diffusion pump. The trap was cooled 
by liquid nitrogen. Measurements were made at a vacuum on the order of 10-6 mm Hg. 


Fig. 1. Basic diagram of measurement setup. K, cathode; A, anode; K,, collector 
of reflected primaries and surface reflection secondary electrons; E, emitter of 
secondary electrons; Ce, grid, the emitter base; C, grid trapping scattered sec- 
ondary electrons; Kg, collector of primary and transmission secondary electrons 
passing through the emitter. 


The basic diagram of the measurement device and measurement circuit is shown in 
Fig. 1. The electron gun is simple in construction and consists of a tungsten cathode K and 
anode A. The anode apertures limit the beam and determine its diameter, which permits 
simple determination of the average current density in the beam. The energy of primary 
electrons Vp is determined by the accelerating voltage U, applied between cathode and 
anode. In this arrangement the average current density in the beam increases with the 
accelerating voltage. In our measurements it did not exceed 10-6 amp/cm2. The field 
trapping the secondary electrons determines the potential difference between the emitter 
base Ce and the grid C. The grid C with 95% open area fastened to a cylinder shielding 
transmission secondary electrons K2 is made in the form of a Faraday cage. Its inner sur- 
face is coated with aquadag in order to lower the reflection coefficient and secondary emis- 
sion from the collector surface. Between gria C and collector Ko there is applied a po- 
tential difference of 50 v which returns the secondary electrons excited from the collector. 
The distance of the grid from the emitter is 3 mm, the beam diameter at the target surface 
is 6 mm. The secondary-emission ratio @ is calculated, taking into account the penetrability 
coefficient of grid C,, from 


pedis: 
Toa 


dag 
Te 


where Io is the current in the secondary electron collector, Ig is the beam current, and 
I, is the primary-electron current at the free surface of the film. 

Thus, we and the above-mentioned authors have determined the total secondary- 
emission ratio, for the current I, includes both the true secondaries and the primaries 
passing through the film. 


2. TRANSMISSION SECONDARY ELECTRON EMISSION OF THIN Al FILMS 


An aluminum layer was made by depositing in vacuum on a fine copper or tungsten 
mesh with a pre-applied organic film. Removal of the organic film was achieved by baking 
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under the vacuum at a temperature of 250° C and a pressure of the order of several mm of 
Hg. The thickness of the Al layer was determined approximately from the weight of the 
evaporated material, assuming spherically uniform evaporation. The density of Al in the 
film was assumed to be equal to the density of the solid metal. 

The transmission secondary 
emission of layers of Al was in- 
vestigated in the thickness range 
from 100 to 1000 A in Fig. 2 the 
secondary-emission ratio is 
shown as a function of V,. As was 
to be expected, in the thinner 
| films transmission secondary 
ry emission appears at lower values 

of V,, rises more rapidly and at 
maximum attains larger values 
than in the case of thicker films. 
After reaching the maximum the 
value of o gradually decreases, 
approaching a limit at unity, 
which corresponds to passage of 
vy the electrons through the film 
Cie without loss. For the sake of 
comparison Fig. 2 shows the 
curve for 6 = 2000 A taken from 
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Fig. 2. Curves for o = £(Vp) for Al films of Ref. 4. It fits well into the family 
various thickness. Dotted curves indicate of curves obtained by us. 
data of Ref. 4. The primary-electron energy 


Vp0 corresponding to the beginning 
of penetration is approximately defined by the point of intersection of the straight-line seg- 
ment of the curve 0 = f(Vp) with the horizontal axis. Figure 3 shows Vo as a function of 6, 
where 6 is the layer thickness. 

In the investigated range of thicknesses the energy of beginning of penetration VQ lies 
within the range from 0.7 to 2.2 kev. The point for 6 = 2000 A fits well on the curves ob- 
tained by us. 


é 


3. TRANSMISSION SECONDARY EMISSION WITH MgO LAYER 


Efficient MgO emitters were made on Al films with thickness of 350-400A. The MgO 
layer was applied by the combustion of Mg in air and deposition of the MgO "smoke"! on the 
specimen. In addition, as is known, a porous layer of 
MgO is formed. Its thickness is calculated from the 
increase in specimen weight after application of the 
layer. 

Investigation of such emitters showed that pre- 
heating in vacuum at 450° C leads to an increase ino. 
Figure 4 shows @ as a function of V, for an Al film 
with an applied layer of MgO before and after pre- 
heating. The value of o of the preheated emitter 
reaches approximately 7 at V,, = 3 kev and Omax =~ 9 
at Vp =5 kev. Let it be noted that suchemitters at the 
current densities used show a considerable decrease 


Fig. 3. Energy at the beginning in o with time under the influence of electron bombard- 
of penetration of the film as a ment. 

function of Al thickness. Point We also investigated emitters compressed after 

at 2000 A taken from data of application of an MgO layer by treatment in the vapors 

Ref. 4. of a volatile liquid. Such emitters possess lower o but 


are more stable under load. Figure 5 shows 0 as a 
function of V,, for an Al base layer and MgO coatings of different thickness. The various 
thicknesses of coating were achieved by successive applications of MgO to the same speci- 
men. After each application the emitter was compressed and heated. The curves show that 


131 


Figure 4. 0 as a function of 
Vp for an Al layer of 400 A (1) 
and an MgO coating of 0.05 
mg/cm? before preheating (2) 
and after (3). 


o 


~“ 


an increase in the MgO layer up to 0.19 mg/ cm? 

has practically no effect on the starting energy of 
penetration, which is approximately 1 kev. An in- 
crease in MgO thickness leads to an increase ino 

and shift of the maximum of the o = f(Vp) curve toward 
higher primary-electron energies. 

The dependence of o on layer thickness, obtained 
by a study of a number of specimens in the range from 
0.016 to 0.19 mg/cm“, is shown in Fig. 6. Values of 
thickness are plotted on the axis both in milligrams per 
square centimeter and in microns. Recalculation was 
performed on the assumption that the layer density was 
3.2 g/cm3, which corresponds to a dense layer of 
MgO. It is possible that the films obtained by us, al- 
though compressed, had greater thickness. The curves 
show that in the investigated range of thicknesses 0 
increases monotonically with thickness. For‘ the maxi- 
mum investigated thickness the resulting values are: 

o ~ 5 at Vp = 3 kev and Omax —7. It is of interest to 
note that the secondary-electron yield for the given 
thickness of MgO exceeds by at least one order or 
magnitude the secondary-electron yield 
for solid layers of MgO (6 = 800 A), in- 
dicated by N.R. Whetten and A.B. Lepon- 
sky [5]. This phenomenon is evidently as- 


sociated with the porosity of the film. 


Figure 5 
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Figure 6 


Figure 5. 0 as a function of Vp for an Al film and applied emitter with compressed 
and preheated MgO layers of different thickness. Dotted curves are plotted from 


data given in Ref, 4. 


Figure 6. Dependence of o for transmission secondary emission on MgO layer 
thickness for compressed and preheated emitters with Vp = 3 kev (1); with 
Vp = 3.5 kev (2); with Vp corresponding to maximum values of o (3). 


Figure 7 shows o as a function of V, for the specimen which gave maximum values of c. 
For an evaluation of the results obtained by us, as in Fig. 5, the dotted curves are plots of 


the results obtained by V.G. Butkevich and M.M. Butslov [4] with similar emitters differ- 
ing by one order of magnitude in the thickness of the aluminum sublayer. Comparison shows 
that a decrease in the thickness of the base layer permits a decrease in the energy Vyo re- 
quired for penetration of the emitter from 3-3.5 to 1-1.5 kev and permits high values of o 
for transmission secondary emission on the order of 5-8 with Vp = 3-4 instead of 11-18 kev. 
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4. SELF-MAINTAINING TRANSMISSION EMISSION 


The above results were obtained with a potential difference Ug of 50 v for secondary - 
electron capture. It was seen that for compressed specimens saturation of the curves for 
o = f(Uc) sets in at U, = 30 v and that further increase in Uc, up to 450 v has practically no 
effect on the secondary current. With uncompressed specimens at Ug > 30 v there is ob- 
served a small monotonic increase in secondary current with an increase in the capture po- 
tential difference. 
In some uncompressed samples there are observed at Ug = 120-170 v a spontaneous 
increase in secondary-emission current and self-maintained emission upon removal of the 
beam current. Dependence of the transmission emission current on the capture potential 
difference for films with thickness of 0.12 mg/cm2 at Vp = 6 kev is shown in Fig. 8. The 
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Figure 8 


Figure 7. 0 as a function of Vp for the emitter specimen with maximum yield. 
Dotted curves plotted from data in Ref. 4. 


Figure 8. Dependence of the ratio of the Reeiscton emission current to 
primary beam current on the capture potential difference U,. 1, with an in- 
crease in Ug; 2, with a decrease in Ug; 3, with repeated increase in U,; 

4, with decrease-in U, upon removal of beam current. 


corresponding values of o are plotted on a logarithmic scale. With an increase in the cap- 
ture potential difference, when-U, reaches 170 v, there occurs a spontaneous increase of 
current (curve 1) up to a value approximately 900 times greater than the primary current, 
(I). The value of current is limited by the voltage drop at a resistor (2 megohms) in the 
collector circuit. With a decrease in voltage from 170 to 140 v (curve 2) the current is 
practically unchanged, but then it begins to decrease. However, in the reverse direction 
the curve proceeds considerably higher than the initial curve before spontaneous increase 
occurs and returns to normal values of o at U., = 30 v. Repeated increase in the capture 

5 . " Cc j 
potential difference (curve 3) again leads to a spontaneous increase of current to a value 
on the order of 800 I1,,. Upon removing the current of the primary beam the emission current 
coritinues to flow. A decrease in the capture potential difference (curve 4) after removing 
the beam current leads to a decrease in the self-maintained emission current and to its ces- 
sation at a particular value of Ug. It is interesting to note that in the absence of a stabilizing 
resistor in the circuit, removal of the beam current not only does not cause a disappearance 
of the emission current but, to the contrary, leads to a considerable increase in current 
(by 1.5-2 times). 

At the beginning of the investigation of a given specimen the self-maintaining emission 
is relatively stable and easily excited. However, during investigation partial or complete 
interruptions of self-maintained emission are observed with subsequent recovery showing 
considerable time lag. In the course of time the process of recovery falters and finally 
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ceases altogether. This is apparently associated with the deterioration of the secondary - 
emission properties of the MgO layer with time. 

It is suggested that the cause of the spontaneous increase of current and transition to 
self-maintained emission, as stated in Ref. 6, is the development of an independent dis- 
charge in the solid dielectric. In addition, impact ionization leads to an increase in cur- 
rent either due to avalanche formation [7] or redistribution of the field within the layer, 
with the result that there arises a large current due to tunnel emission from the sublayer[8]. 


CONCLUSIONS 


1. An efficient transmission secondary-electron emitter has been obtained consisting 
of an MgO layer with a thin conductive layer of Al on a fine grid. 

2. It has been shown that decreasing the conductive layer of such an emitter from 
3000 to 350 A permits decreasing the energy losses of primary electrons and losses of the 
primary electrons themselves in the conductive layer and, as a result, permits reducing 
the emitter operating voltages from 11-18 to 3-4 kv with a secondary-emission ratio 
o = 5-8. 

3. It is observed that in such emitters with an uncompressed MgO layer under certain 
conditions a transition of transmission secondary emission to self-maintained emission 
occurs. 
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THEORY OF OPERATION 
OF THE ELECTROSTATIC FLUXMETER IN PLASMA 


Ya. M. Shvarts 


This article considers methods of increasing the signal-to-noise ratio at the electro- 
static fluxmeter output when the fluxmeter is used for measurements in plasma. It is shown 
that when a synchronous detector is included in the circuit and de voltage feedback is ap- 
plied, this ratio is considerably increased. The article gives theoretical ratios. An evalua- 
tion is made of the maximum signal-to-noise ratio at the fluxmeter output. 


INTRODUCTION 
Until recently instruments for measuring an electrostatic field were only used in a me- 


dium with low electric conductivity. Hence, the result of conduction currents was not con- 
sidered when formulating the theory of these instruments. Nevertheless, the conduction 
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currents modulated by the screen plate in an electrostatic fluxmeter, and flowing through 
the electrostatic generator load, cause a voltage drop which constitutes noise. In Ref. 1 
there is a description of methods of suppressing noise at the output of an instrument for 
measuring the electrostatic field intensity when used to measure the field on the surface 
of bodies in a particularly ionizing medium such a ionospheric plasma. But this article 
deals with the problems superficially, in particular, the methods of enhancing the signal- 
to-noise ratio at the instrument output. 

The fundamental principle of the electrostatic fluxmeter and the factors leading to the 
occurrence of a noise voltage are discussed in Refs. 1 and 2. We will therefore not deal 
with this, but go on to discuss the basis of the problem. 


1. THE EQUATION OF AN ELECTROSTATIC GENERATOR AND ITS SIMPLIFICATION 


Fig. 1 a shows the equivalent circuit for an electrostatic generator, taking the noise 
current into account. Applying Kirchhoff's law, we can obtain an equation relating the 
voltage u at the load z with the current i flowing through it. The load on electrostatic gene- 
rators is usually a resistance R and a variable condenser C, connected in parallel. In 
this case the equation takes the form 


‘du ac u z 
ae (a, a Nao: (1) 


Analysis of the equation in its general form is extremely cumbersome and complicated, 
since, apart from the variation in the condenser, we have to take into account the possibility 
of the resistance R being shunted by the me- 
dium*. 

Hence, it is essential to consider which 
simplifications can be introduced into the the- 
oretical circuit. 

First of all, we can always select a load 
resistance considerably less than the shunt 
resistance. To do this we have to make sure 
that the drop in load voltage due to the noise 
and signal currents is considerably less than 
the potential of the body surface at the point 
where the measuring plate of the fluxmeter is 


EGR ann positioned. The potential of the surface of the 
H t body is determined with respect to the potential 
Bo al Dr rllm of the medium in the vicinity of the body. 
if t 2 ; ; 
J ary la ial Secondly, in a number of designs now in ex- 


istence the following inequalities are satisfied 


Fig. 1. a) equivalent circuit for 


electrostatic generator; I, and I»5 Son <1, (2) 

are signal and noise current gen- ol 

erators; b) variation in area of G <! (3) 

measuring plate and generator 

currents with time. provided C = Co + C~, where Cg is the mean 
capacitance, and C ~ is the variable part of the 
capacitance. 


Physically speaking, satisfying condition (2) means ignoring the variation in the time 
constant of the load during the operational cycle of the fluxmeter, and satisfying condition (3) 


cs The shunting effect when using the instrument for ionospheric plasma shows up in the 
fact that the variation in the potential of the measuring plate due to a load voltage drop, 
caused by the signal and wire currents, leads to an additional noise current and to variation 
in the field intensity on the surface of the measuring plate. To make allowance for this, a 
certain additional load-shunting resistance R' should be introduced and its value would 


depend on u. 
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means taking the capacitance as constant. ; 

The analysis is simplified if we assume that the variation in the potential of the meas- 
uring plate in the fluxmeter due to the load voltage drop when one of the currents flows 
through it does not affect the value of the other current. Calculation of the effect of noise 
currents on the operation of the electrostatic generator can then be made separately. In 
actual fact, this is done when the electrostatic generator load is correctly chosen, i.e., 
when the voltage drop due to noise and signal currents is considerably less than the poten- 
tial of the body surface at the site of the measuring plate. This is quite feasible, since the 
potentials of artificial satellites and rockets are measured in volts [3] and we only need 
the resistance R < 104 ohm for the voltage drop at z due to the noise currents to be at 
least two orders smaller than the surface potential [1]. The load voltage drop due to ope- 
rating currents does not normally exceed thousandths of a volt. 

Let us designate the useful current of the electrostatic generator due to the presence 
of the electrostatic field E on the surface of the measuring plate as i;, and the corre- 
sponding load voltage as u,. The noise current flowing through the load z will be designated 
ig and the noise voltage ug. 

On the basis of the above we can reduce Eq. (1) to the following two equations: 


du, -9 4 cll si Ug te 
di hCme Ce! saaae ROS CS: 


The total load voltage is equal to 
Uy + Ug =U. 
2. RELATIONS BETWEEN ELECTROSTATIC GENERATOR CURRENTS AND VOLTAGES 


Let us assume that the area of the measuring plate S exposed to the field varies linearly, 
as often happens in practice. Then, during the period the measuring plate is unscreened 
S = at, and during the period the plate is screened S = So - at. 

The variation in the plate area with time is shown in Fig. 1 b. It is obvious that if the 
electrostatic field at the surface of the plate is equal to €, while the screening frequency 
is f, the operating current i, is determined by the formula 


Eds eR Sof 
1 4x di 2m 


Since the noise current is created by a current flowing onto the open part of the meas- 
uring plate, and since it can be considered as a first approximation that the part of the 
measuring plate exposed to the field is equal to the part into which the noise current flows 
(for particle streams vertically incident on the measuring plate, this is ideally the case), 
its value can be measured from the following equality: 


ly = JS, 


where jo is the density of the noise current. 

A graph showing the variation in the signal and noise currents with time is given in 
Fig. 1b. It is clear that the noise current has been shifted 90° with respect to the signal 
current. 

The total voltage u across the load z should be the result of the action of rectangular 
signal current pulses and triangular noise current pulses on the circuit z. Expressing the 
signal and noise currents in the form of a Fourier series and designating the dc component 
of the noise current Ip9, and the maximum amplitudes of the signal and noise currents as 
Ini and iy, respectively, we obtain the following expressions for voltages at the load z: 


co 
ay >; Un Sin (nwt + @n), 


n=1 
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The following conclusions can be drawn. 

1. The phase shift between the corresponding harmonics of voltages uy and Us re- 
mains equal to the phase shift between currents i, and io. 

2. The shape of the voltages u, and Up varies, compared with that of i, and ig. 

3. The relative amplitude of the first harmonics in the voltages u, and ug increases, 
compared with that of the corresponding harmonics of the currents iy and ig, since the load 
impedance is an inverse function of the frequency. 

In order to select an effective way of combating noise we have to make a rough estimate ° 
of the ratio of the signal voltage to the noise voltage at the electrostatic generator output, 
i.e., at the measuring circuit output. This ratio can be calculated approximately by the 
ratio of the amplitudes of the harmonics of the signal and noise voltages 


Making use of the results given in Refs. 1 and 2, and substituting E = 1 v/cm, 
= 1500 cps and jg = 10-7 amp/cm2, we find that when using the instrument for meas- 
urements in the ionospheric plasma, m may drop to approximately 1/100. This means 
that for the above values of E, f, and jo, the input noise voltage exceeds the mean the- 
oretical input signal voltage by a factor of 100. It stands to reason that when measuring the 
signal voltage with a given degree of accuracy, the noise has to be suppressed by much more 
than a factor of 100. A 


3. USE OF A SYNCHRONOUS DETECTOR 


The analysis of the solution of the quation for the operation of the electrostatic generator, 
taking noise into account, leads to the conclusion that the corresponding harmonics of the 
noise and signal voltages at the generator output are shifted by 90°. Consequently, the incor- 
poration of a phase-sensitive element into the measuring circuit makes it possible to greatly 
attenuate one of the signals. 

Such an element is the synchronous detector, usually used in the measuring circuits of 
electrostatic fluxmeters, [4]. Indeed, when manufacturing the instrument on the basis of the 
block diagram shown in Fig. 2a, and when tuning the synchronous detector to the first har- 
monic of the signal voltage, the relationship between the input and output signal and noise 
voltages (for an ideal detector) is determined by the following equations: 


Se nit (nf,) cos Ap, 
n-joeee 


n 


n=1 
= nk (nf,) sin Arp, 
ae | 


n 


n=1 


U, and Us are the de signal and noise voltages at the synchronous detector output; f; is the 
frequency of the first harmonic; k(nf;) is the amplification factor of the measuring circuit at 
the frequency of the corresponding harmonic; Arp, is the detuning of the synchronous detector 
for the corresponding harmonic, i.e., the phase shift between the switching voltage of the 
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correspon ding signal voltage harmonic*: 
Arpn = nArpy + Arp (nf1) + Pn — Gin, 


where AY, is the tuning error of the synchronous detector and the corresponding signal 
voltage; Arp (nf;) is the phase shift due to the dependence of the amplifier phase charac- 
teristic on frequency, at the tuning frequency of the synchronous detector Ap = 0; @rn—Qi 71 
is the phase shift due to the action of the electrostatic generator load. ; 
The ratio between the de signal and noise 


voltage at the synchronous detector output is 
equal to 


k(nf,) eos Ap, 
k (nf,) sin Arp, 


n® Vihar? 1 


In measuring circuit with sensibly chosen pa- 
rameters, inwhichk(f,) > k(nf,) and sin Arp,/n* 
decreases as n increases, it is enough to re- 
strict oneself to the ratios of the dc voltages 
which result from the first harmonics of the 
signal and noise voltages for the purpose of the 
calculation. In this case 


Fig. 2. Block diagram of intrument: 
a) with synchronous detector; b) with 
negative feedback; 1) electrostatic fi 
generator; switching voltage gener- Vie 15™ cto Arp. 
ator; 2) amplifier; 3) synchronous de- m2 

tector; 4) principal synchronous de- 


tector; 5) additional synchronous de- This means that it is possible to suppress the 
tector noise voltage at the instrument output to a high 
degree. 


Nevertheless, it is harly possible to make Ayi<1 . The greatest shortcoming of this 
method of suppressing noise is the fact that the suppression is effected at the instrument 
output, i.e., an enormous noise voltage has to pass through the whole amplification channel 
without overloading it, which is very difficult to achieve in practice. Thus, methods of com- 
batting noise should reduce the effective noise voltage at the instrument output. 


4. USE OF NEGATIVE FEEDBACK 


One of these methods is to use negative feedback for the de noise voltage [4]. To do this 
we have to use in parallel with the principal synchronous detector another synchronous de- 
tector tuned to the voltage shifted by 90° with respect to the signal voltage (Fig. 2b). The rec- 
tified voltage from this detector is used for the negative voltage feedback. 

In its general form, the additional synchronous detector can be made by placing an addi- 
tional measuring plate of the same form as the generator plate under it and connecting the two 
plates electrically. The negative feedback voltage is fed to the special electrode in the form 
of a graduated plate [5]. Between this electrode and the auxiliary plate is an extra screen 
plate fitted onto the same axis as the principal screen plate. The two plates are mounted in 
such a way that the ac voltage at the output of the negative feedback electrostatic generator is 
180° out of phase with the ac noise voltage. This is done, for example, by shifting the vanes 
of the extra screen plate 90 electrical degrees with respect to the principal plate, with an 


ie The phase shift between the nearest zero crossings of the switching voltage and the 


corresponding harmonic of the signal voltage is measured in degrees of the harmonic. 
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approximate positioning of the measuring plates. 
A few theoretical ratios are given below. Without negative feedback 


Unk (nf, cos AP, = ugk (nf) sina, 
Us 2 n Pid 2 7 : 
where U is the output voltage of the principal synchronous detector. 
The output voltage of the additional synchronous detector U' is in this case determined 
by the expression 


Pris Ss uy, &(nfr) sin Arp, SI wo, k (mfr) cos Arp, 


n n z 
n=1 n=1 


in which Ay’ is the detuning of the additional synchronous detector. 

The addition of negative feedback reduces the noise voltage at this synchronous detector 
input by a factor of 1+ k(nf;) By (8, is the feedback factor). For k(nf,) 8, => 1, taking into 
account the effect of feedback, 


co lee} , 
uy, &(nfr) cos Atp, Uy, Cos Arp, sin Arp, 
hie > n > np a 
n=1 7 e 
lee} 


yi Usp Sin Arp, sin Arp, 


Ge mB 
Clearly, 
: : ‘ co 
s U,, Sin Arp, sin Ap, < 5 Urn ae) cos Atp, 
n=1 “8B, n=1 


Hence, limiting ourselves, as in the foregoing section, to the calculation of the signal- 
to-noise ratio of the dc values at the synchronous detector output due to the first harmonics 
of the signal and noise voltages, and taking into account that cos Ay’—1 , we find the fol- 
lowing coefficient M': 


Tngk (11) Px etg Arp 


Vi a—0G 7 


m2 


It follows from this expression that for the negative noise voltage feedback the signal-to- 
noise ratio at tge output of the instrument increases by a factor of k(f;) By. 

Let us recall another way of suppressing noise — the use of special grid electrodes in 
the electrostatic generator. This method is described fairly fully in Ref. 1. It makes it pos- 
sible to reduce the ac component of the noise current in the electrostatic generator load by 
a factor of b, 


b — bibs, 


where b, is the attenuation factor of the ac noise currents due to the reduction in the modula- 
tion effect of the screen plate, and bg is the coefficient describing the recudtion in the abso- 
lute flow of particles striking the measuring grid electrode.. 


CONCLUSION 


When using all three methods of suppressing noise, the signal noise ratio at the syn- 
chronous detector output is determined by the expression 


“4 Tink (11) Bi ct gz Atprbide 


M'— 7 ; (4) 


m2 
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It follows from Eq. (4) that by applying special t4chniques we can measure small 
electrostatic fields against a background of a large noise current. An approximate evalua - ‘ 
tion of the product k(f,) B cotan Aw 1bgivesa value which is at least of the order of 105 — 10 , 
i.e., for example, against a background of the greatest possible noise current with a density 
10-6 amp/cm2 [1] we can measure fields on the surface of the sounding body which create a 
current of 10-11 and per unit of surface of the measuring plate in the electrostatic generator. 
For a generator with am exposure frequency f = 1500 cps this is equivalent to a field 
E ~ 3-10-72 v/em. 

In conclusion I would like to express appreciation to I. M. Imyanitov for his constant 
interest in this work. 
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EXPERIMENTAL INVESTIGATION 
OF TUNNEL CURRENT 


IN THIN GERMANIUM p-n JUNCTIONS 


N.A. Belova and A.N. Kovalev 


An experimental investigation was made of the effect of the degree of alloying of ger- 
manium on tunnel-type diode characteristics. An attempt is made to evaluate the results 
quantitatively in accordance with Ref. 2. 

The effect of dislocations in the intrinsic germanium and the effect of temperature on 
the tunnel current in thin p — n functions are investigated. 


As follows from a qualitative description [1] and the following theoretical work, the 
volt-ampere characteristic of a tunnel diode should be strongly affected by the concentration 
of mobile charge carriers both in the n and p regions. We were interested in experimentally 
ascertaining the dependence of the tunnel current on such determining parameters as the 
degree of alloying of the n and p regions. 


1. MAXIMUM TUNNEL CURRENT 


In view of the lack of a complete expression for a tunnel current across the p — n 
junction in the form of a continuous function of the applied voltage, the current may be 
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described by such extreme points as the maximum and minimum of the volt-ampere char- 
acteristic. Ref. 2, in which the question of the effect of alloying conditions on tunnel diode 
characteristics is considered theoretically, an expression is obtained within the limits of 
the model for potential differences corresponding to the maximum tunnel current. 


Vinax =F (Evy — p)'— (u— E.) 4 
+ Vi2 (Ey =p) +p— EL]? + 4 (Ey —p) (up — B)}, (1) 


where yu is the chemical potential; E, and Ey are the top and bottom boundaries of the for- 
bidden zone (see Fig. 1); e is the electron charge. 

Equation (1) is obtained on the assumption that the p region is alloyed more strongly 
than the n region. 

In order to make a quantitative evaluation we have to know the position of the Fermi 
level on both sides of the p — junction for 
different concentrations of p andn. By 
knowing the concentration n, we can de- 
termine the position of the Fermi level in 
the n region, i.e., #6 — E,, from the fol- 
lowing relationship: 


ie) = 
pees 2 (=m sigs 2 \ yee 
Fig. 1. Approximate position of zones. 5 eee (2) 
where m* is the effective mass of the electron, k is Boltzman's constant, T is the absolute 
temperature, h is Planck's constant, 6 is the number of minima in the conduction zone, and 
n=(u— E,)/ kT. The integral is tabulated, and the value of 7 determined from tables in 
Ref. 4. 
In this article the concentration of the mobile carriers n in the experimental specimens 
of germanium was determined by the measurement of the Hall constant R from the formula 
n=1/eR. The Hall constant was measured in a magnetic field of intensity 5500 oersteds. 


Fig. 2 Fig, 3 


Fig. 2. Specific resistance as a function of electron concentration in n type 
germanium. 


Fig. 3. Volt-ampere characteristics of tunnel diodes with different degrees of 
alloying of the p region: 1) for diode whose p region is formed by inclusion of 
In + 0.5% Ga; 2) In+ 1% Ga; 3) In+ 1.5% Ga. 


Figure 2 gives the concentrations obtained in this way as a function of the specific 
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resistance for n type germanium alloyed with arsenic or phosphorous. 
Table 1 gives the calculated Fermi level in the conduction zone for two different 
n concentrations. 


Table 1 Table 2 

oa n, cum | p—E, ° ohm. az, Vmax,mv) Ev—» 
4019 1,4k7 0,0009 | 0,547" 40 DOPE 
ee Sie 0.5kT 0,0009-| 0,547 68 3.8kT 
: : ’ 0,0009 | 0,547 82 4,6kT 


The position of the Fermi level in the valence zone for experimental diodes can be 
determined by Eq. (1), since it is not possible to measure the concentration in the p region 
obtained during melting by an independent method. 

We investigated experimentally the effect of the carrier concentration in the p region 
on the position of the tunnel current maximum. To do this we manufactured diodes from 
germanium with a mixture of arsenic (specific resistance 0.0009 ohm-cm). The different 
concentrations in the p region were obtained by using different after-charges of gallium in 
indium (from 0.5 to 1.5%), and for all the experimental diodes the concentration in the 
p region was intentionally greater than in the n region on account of the high solubility of 
gallium in germanium (5.1020cm-3). This makes it possible to use Eq. (1) 

Figure 3 shows the volt-ampere characteristics for three typical diodes. As the con- 
centration in the p region increases, the position of the maximum tunnel current shifts 
towards the higher voltage region. 

Table 2 shows the values, calculated from Eq. (1), for the Fermi level in the p region 
as a function of the position of the tunnel current maximum. (The values of V are taken 
from the experiment, and those of y — E, from Table 1). 

As follows from Eq. (1), the position of the maximum depends to a very slight extent 
on the degree of alloying in the n region. 

To check this experimentally we manufactured diodes from n type germanium with 
different concentrations on the basic carriers. The hole region was obtained by melting 
drops of indium containing 0.5% gallium and 0.5% zinc into the germanium. The additives 
were introduced in a crystallographic direction (III), which made it possible to obtain a 
flat melting front. Slow cooling was used to make the distribution of the additives in the re- 
crystallized layer near the p — n junction more uniform. 

The volt-ampere characteristics of the diodes made in this way are shown in Fig. 4, 
from which it is clear that the position of 
the maximum is for practical purposes not 
a function of the concentration of the n re- 
gion. 

Thus, for diodes with a more strongly 
alloyed p region the maximum is determined 
by the degree of degeneracy in the p region. 

The experimental curves in Figs. 3 and 
4, which agree well with Eq. (1), also re- 
veal a strong dependence of the tunnel cur- 
rent on the concentration in the n and p re- 
gions. As is known, [3], one of the basic 
characteristics of a thin p — n junction de- 
termining the tunnel current is the proba- 
bility of tunnel leakage of electrons through 
the potential barrier. This probability is 


Fig. 4. Volt-amperes characteristics of proportional to the following expression: 
tunnel diodes with different degrees of al- 


max 


16" 


loying of n region: 1) intrinsic germanium, ee: ( mim th Bilt 

p = 0.00065 ohm. cm; 2) intrinsic german- ES yo bee ; (3) 
ium p=0.0009 ohm.cm; 3) intrinsic ger- 

manium p = 0.0011 ohm.cm; 4) intrinsic in which E is the electric field intensity in 
germanium p = 0.0016 ohm.cm. the p — n junction and Eg is the width of the 
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forbidden zone in the germanium. 

Since the exponent contains the field intensity E, this probability is naturally very 
sensitive to the position of the Fermi level on both sides of the junction, i.e., to the degree 
of alloying of the n and p regions. Consequently, to check the soundness of the results ob- 
tained for the position of the Fermi level in the diodes, we can evaluate the variation in the 
probability of tunnel leakage P as a function of the degree of alloying and compare the result 
with the variation in the density of the tunnel current obtained by experiment. 

To calculate the field intensity at the junction we have to know its thickness, and this 
was determined from the formula 


eU 
= 2men ’ 

in which € is the dielectric constant of germanium; U is the potential difference between the 
n and the p side, determined from the relationship (see Fig. 1) 


eU = E,+ (Ey—p)+ (u— E.) —e&V; 


where V is the applied voltage. 

The calculation shows that in diode 3 (Fig. 3) the probability of tunnel leakage is 13 
times as great as in diode 1. From experimental data the ratio of the currents at the maxi- 
mum for these diodes is ~ 20. The same calculation for diodes 1 and 3 (Fig. 4) gives a 
probability ratio of ~ 30. According to the experimental data, the current at the maximum 
for diode 1 is greater than for diode 3 by a factor of 10. 


2. TEMPERATURE DEPENDENCE OF TUNNEL CURRENT 


It was shown experimentally in Ref. 5 that the temperature dependence of the tunnel 
current may be both positive and negative, and the author associated the nature of the tem- 
perature dependence with the alloying additive (arsenic, antimony). 

Measurement of the dependence of the tunnel current on temperature was made for di- 
odes with different concentrations in the n and p regions. The intrinsic germanium was al- 
loyed with arsenic or antimony. Experiments showed that when the degree of alloying of the 
p region is high (p =n), we observe a reduction in the tunnel current when the temperature 
is lowered, regardless of the nature of the additive in the n type germanium. At a lower 
concentration of carriers in the p region (p > n) the tunnel current increases as the tem- 
perature decreases. Furthermore, it is 
possible to obtain different temperature 
dependence of the tunnel current for the 
same concentration of arsenic in the in- 
trinsic germanium, by varying the degree 
of alloying of the p region. 

Figure 5 shows the volt-ampere char- 
acteristics for two diodes with an identical 
concentration in the n region, but with dif- 
ferent degrees of alloying in the p region. 
Curves 2 stand for the diode with greater 
degeneracy in the p region than the one 
presented by curves 1. The characteris- 
tics are taken at room temperature (293°K) 
and at the temperature of liquid nitrogen 
(77°K). There is a positive temperature 


o Of 02 03 04 05 06 07 


Fig. 5. Temperature dependence of tun- dependence for curve 2 and a negative one 
nel diode; intrinsic germanium p= 0.0009 for curve 1. Thus, the nature of the tem- 
ohm - cm. perature dependence of the tunnel current 


is determined first and foremost by the 
degree of decay in the n and p regions of the tunnel diode. 
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3. MINIMUM VOLT-AMPERE CHARACTERISTIC 


It is known from Ref. 2, that in germanium, even at an impurity concentration of 
1018 em-3, the local levels of the elements of the third and fifth group shift and form 


impurity zones which at concentrations of the order of 1019 — 1029 em=3 may overlap 

with the nearby "normal" semiconductor bands. Clearly, for the concentrations which we 
used we have to take into account the presence of impurity zones and above all, their effect 
on the position of the volt-ampere characteristic minimum. Reference 2 gives the following 
expression for the potential difference applied to the p — n junction at which there is com- 
plete disappearance of the tunnel current: 


€Vmin = AE, + AEa+ (up — E.) a (Ey — wu), (4) 


in which A E, is the width of the acceptor impurity zone; A Eg is the width of the donor im- 
purity zone. 

Thus, the position of the minimum is a direct function of the width of the impurity 
zones, and consequently, it can provide information on the energy spectrum of the semi- 
conductor. 

The above cited experimental data tally qualitatively with Eq. (4). For example, it is 
clear from Figs. 3 and 4 that the position of the volt-ampere characteristic minimum shifts 
towards higher voltages as the concentration increases in n and p regions. Furthermore, 
using Eq. (4) we can evaluate the width of the impurity zones, for example, for the diode 
whose characteristic, 2, is given in Fig. 4. The voltage at which we observe a minimum in 
the characteristic can be taken as the potential difference at which there is complete dis- 
appearance of the tunnel current, since at the minimum for this diode it amounts to 10% of 
the current at the maximum. It turns out that AEg + AEq=~ 0.2 ev. 

Reference 2 expresses the view that the tunnel current may possibly be affected by the 
various extended defects in the semi-conductor lattice, in particular, dislocations, the 
presence of which may lead to the appearance of allowed bands in the forbidden zone. On 
the other hand, the imperfections of the crystal lattice in germanium cause non-uniformity 
of the recrystallization layer when the diodes are melted, which may also lead to the non- 
uniformity of p — n junction and different types of leakage. In view of this we carried out 
experiments aimed at ascertaining the effect of dislocations in intrinsic germanium on the 
volt-ampere characteristics of tunnel diodes. To do this we manufactured diodes from ger- 
manium with different dislocation densities (from 20 to 1000 cm~2). The experiments 
showed that there is smoother and, apparently, more uniformly distributed melting in the 
crystals without dislocations. We should point out that the largest current differential 
(Imax - Ipin) is obtained from just those diodes made from germanium with a low disloca- 
tion density. At the same time we did not find any marked dependence on the tunnel current 
on dislocation density. This was most probably due to the small size of the tunnel current 
flowing along the dislocation zone, the carrier density in which is small compared with the 
carrier density in the zone of germanium proper. 


CONCLUSION 


It was experimentally shown that the degree of alloying of the n and p regions of a 
narrow p — n junction substantially affects the tunnel current and, especially the magnitude 
and position of the maximum and minimum volt-ampere characteristic. For diodes with a 
more strongly alloyed p region, the position of the maximum is determined basically by the 
degree of degeneracy in the p region. The position of the minimum volt-ampere characteris- 
tic shifts towards the higher voltages when the degree of alloying of the n and p regions in- 
creases; this may be due to the presence of impurity zones in the heavily alloyed semi- 
conductor. 

It also follows from the experiment that the nature of the temperature dependence of 
the tunnel current is determined by the degree of degeneracy in the n and p regions. 

No appreciable dependence of the tunnel current on the dislocation density was found. 

In conclusion we consider it our duty to express our gratitude to N. Ye. Skvortsova 
for the suggested topic of study and for her permanent interest in our work. We sincerely 
thank V.L. Bonch-Bruyevich for valuable advice during discussions of our work; we also 
thank S.G. Kalashnikov for his fruitful comments. 
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FLUCTUATIONS IN A REFLEX KLYSTRON OSCILLATOR 
DUE TO ELECTRON VELOCITY 
SPREADING SHOT AND HEAT EFFECTS 


Ye. N. Bazarov and M.Ye. Zhabotinskiy 


Using the method of symbolic equations and correlation theory we consider fluctua- 
tions in a reflex klystron oscillator due to velocity spreading in the electron stream and the 
shot and heat effects. We obtained expressions for the mean square fluctuations in ampli- 
tude and phase, and for the oscillation spectrum. We show that under certain conditions the 
electron velocity spreading in the stream may have a substantial effect on the fluctuations. 


References 1 and 2 consider fluctuations in the amplitude and phase of the oscillation 
of an oscillator consisting of a reflex klystrony due solely to the shot and heat effects. Using 
the symbolic equation method and correlation theory as in Ref. 3, it is not difficult to take 
into account as well the effect of the velocity spreading of electrons in the stream on fluc- 
tuations in the amplitude and phase of the oscillator. To do this, we ignore the actual struc- 
ture of the electron stream and assume it to have one velocity [4] and represent the electron 
velocity at the klystron resonator gap input in the form 


24 (t) = (1 + Po (é)), 


where vg is the de component of the electron velocity, Po (t) is the fluctuation in velocity, 


and t is time. 
The convection current at the klystron resonator gap input is written in the form 


ty (t) = I (1 + fo (2). 


Here I, is the mean cathode current and fo(t) is the current fluctuation. 

Since the system under investigation is a narrow-band one, it can be taken that the 
fluctuation spectra of the velocity and the current are uniform within the system pass band. 
This makes it possible to replace the actual correlation functions of pg and fg by 5-functions, 


i.e., to write 
Po (t) Po (t’) = Ard (t —#’), 
To (t) fo (¢’) = Bod (t — #’). 


145 


In the general case, po and fp are correlated: 
Po (t) fo (t’) = Cod (t — 7’). 


The coefficients Ag, Bo, and Cg are determined by the operating conditions of the cathode 
and the design of the electron gun in the klystron, and can be found for each case from the 
fluctuation spectra obtained in Ref. 4. 

The klystron resonator can be replaced, as is well known, by a lumped equivalent cir- 
cuit with an inductance L, capacitance C and resistance r. In this case it is easy to write 
the equation for the voltage at the resonator gap. The equation is different from the cor- 
responding equation in Ref. 2 in that we now take into account the electron velocity spreading 
in its coefficients. Since the system under consideration is closely approximated by a linear 
conservative system, we can obtain expressions for: 1) the mean square amplitude fluctua- 
tion of the voltage at the resonator gap: 


Be Ly + 2Le1 exp (— P18) 
8p1 } : (1) 


2) the spectral density of the amplitude fluctuations: 


Ly, + 2Le1 cos ub Q 4 


ep eects 
g (82) Amp? 1+ (=) (2) 


and 3) the mean square phase fluctuations where wpjt => 1: 


qi 4 
v= ie (Ly; + 2Le1) + ine (Ly. + 2L2) — 


q 
— apmlPn t Prot 2(Pu + Pa ot (3) 


using the same method as in Ref. 2. 

The first term in Eq. (3) is due to amplitude fluctuations, the second is due to the direct 
effect of random surges, and the third is due to the correlation of the fluctuations in the am- 
plitude and the surges. 

The values L and P in Eqs. (1) - (3) are determined by both the fluctuation properties of 
the electron stream and the operating characteristics of the klystron. They take the form 


Ly Tis 
Lie \ = 2 { 2rk,Te, ar @ C? [2B,+ Ao? Sie 


£ (28,0, sin 20, + (945 — B,) €05 26) Ja (22,)1}, 


ier = 2 oo (20) FJ (29)](0.Co sin 8,— B, cos 8,), 
Py if 4 
Pra \ =2 3G [26,C, cos 26, + (B, — 02.4) sin 20,] J,(2z9), a 
21 ik . 
pa} = — 2=% (By sin 8 + CyB 08 8) Jo (29). 


Here Ko is Boltzman's constant, T is the absolute temperature; o2 = 4/LC; big ul Hens 
2 0” 
No =e/m— is the ratio of the electron charge to its mass; 6 is the mean transit anele of 


the electrons in the reflex space; Rog is the stationary amplitude of the ac voltage at the 
resonator gap; wis the frequency generated by the klystron; J, (Z9) is a Bessel function of 
the first kind and k-th order, Ai (4) = = J; (2). 

0 


146 


The values pj and q; are determined by the expressions 


Tym090 dA; (Z) _. 
a 2) —— sind 
20,Cve 0 ad os 


Pi a 0? 
we Tomo @Ax (2) 

OT as eae (5) 

in which the stationary values of z g and the frequency w are determined by the equations 


ee 
4 oNoVo . =) 
a5 raeC*? Ay, (Z) sin 0) = 0, 
I 
Oo > @) — “oe A, (29) cos 6,. 


(6) 


In Eq. (4) the terms containing Ag, Bo, and Co are determined by the fluctuations in 
the velocity, the convection current and the correlation of the fluctuation in velocity and 
convection current, respectively. We should point out that if the fluctuation in electron ve- 
locity and the thermal fluctuations are ignored (Ag = Co = 0), and assuming optimum elec- 


tron transit angle in the reflex space (8% = 00Pt= (G + n) an, n=1, 2,3,...), Eqs. (1) - (3), 


according to Eq. (4), indeed coincide with the similar expressions in Ref. 1 to within the 
accuracy of the coefficient 1/2 for Jo(2z9). For 99 4 89 OPt and Ag = Cg = 0, Eqs. (1) and 
(3) correspond, to within an accuracy of the order of (p199)2, with similar expressions in 
Ref. 2. The fluxtuations in velocity of the electrons (Ag # 0) and the correlation of the fluc- 
tuations in velocity and convection current (Cg # 0) give rise to terms in Eqs. (1) - (3) 
which can be compared with the terms due to the fluctuations of the convection current. In- 
deed, if, for example, the transit angle of the cathode - resonator gap is ~ 9, then, ac- 
cording to Ref. 4, we have for the coefficients Ag: Bo, and Co 


A, = 10% 


fo Ty, 


B= 107, 


One 7, 


# 
C= rE 105, 


and since A, is always multiplied by 62, the terms containing Ag may be of the same order 
as those containing Bg. Conversely, the terms due to the correlation of the fluctuations in 
velocity and convection current can almost always be ignored. We then obtain from Eqs. (3) 
and (4) for the mean square fluctuations in phase at the optimum transit angle 89: 


65-10-* — 1 : 
<1 —— Jn (224) | 107. 


=a el, 62 * 
i ae [t+ 107+ 
For the sake of clarity we have omitted here the term describing the effect of thermal fluc- 
tuations, which is of the same small order of magnitude as the terms for the correlation of 


the fluctuations in velocity and convection currents. 

When the klystron operates in the second mode 89 =~ 17, and when operating in the 
fourth mode 69 ~ 30. It follows from this that fluctuations in velocity may substantially in- 
fluence fluctuations in the output phase, and the higher the number of the operating mode, 


the greater the effect. 
REFERENCES 


1. Bernshteyn, I.L. Reports of the AS USSR, 1956, 106, 453. 

2. Bazarov, Ye. N., Zhabotinskiy, M. Ye, Radio Engineering and Electronics, 1959, 4, 
10, 1685. 

3. Rytov, S.M., ZhETF, 1955, 29, 304. 


147 


4. Gvozdover, S.D., Theory of microwave instruments, GITTL, 1956, p. 248. 


Submitted to the editors 15 June 1960 


BRIEF COMMUNICATIONS 


TWT GAIN WITH FINITE VALUES 
OF THE GAIN PARAMETER C 


M.B. Tseymlin, Ye. M. Il'ina 


Analysis of the interaction of a stream of electrons with the traveling electromagnetic 
wave in a traveling-wave tube leads to a fourth-power equation with complex coefficients 
for the propagation constants (e.g., see Refs. 1, 2). It is usually assumed that the gain per 
unit length of wave is small, that is, that the gain parameter C introduced by Pierce [1] is 
considerably less than unity. On this assumption a third-power equation is derived for the 
propagation constants. 

However, in medium- and high-power tubes the parameter C may reach values of 
0.1 - 0.2. In this case, in determining the propagation constants it is necessary to con- 
sider finite values of C (i.e. , to solve the fourth-power equation [3]). Numerical solution 
of this equation presents considerable difficulty. 

The power method of calculation described in Ref. 4 permits a relatively simple de- 
termination of TWT gain with finite values of the gain parameter C. This method consists 
of finding the amplitude distribution of the r-f field along the tube from the real-power bal- 
ance equation. It is assumed that the field within the line may be represented by a single 
wave with constant phase velocity. 

In Ref. 4 the following asymptotic equation was derived for TWT gain: 


mk 


= x gue EBS 2 1 
G = BON + A=8,68n2-+ 20lg—ap aay ab, (1) 
where 
p= B.C VV 2072 + 49 — (4 +84); 
v =18.0 VV 2672 + 40% + (q +B); (2) 
B 
Gage tale (3) 


(4) 
= 62 / B20? is th h b= 
q g/ BC” is the space-charge parameter; b = (ug — Vv e) LCV, is the asynchronism pa- 


rameter for the disturbed wave; 8, is the phase constant of the electron stream; 8 is the 
phase constant for a wave in a system with a beam*. 


* In Ref. 4 8 is taken to represent the phase constant of the wave in a system without a 


beam. For C<, 1 this would not lead to error, for in this case it could be assumed that 
y=1+bC ~1. 
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For finite values of the gain parameter C it cannot be assumed that y = 1, but it is 
necessary to use Eq. (3). 

Equations (1) - (3) permit a calculation of TWT gain (with finite values of the param- 
eter C) as a function of the phase velocity of the disturbed wave. However, practical in- 
terest attaches to the dependence of the gain on the phase velocity of the undisturbed wave, 
for it is this wave which is associated with the geometric parameters of the line. The re- 
lationship between the phase velocities of the disturbed and undistrubed waves may be ob- 
tained from the reactive-power balance equation. 

Reactive power in the line may be determined from 


Pp (8 — Bo) EY (2) (8 —B,) £f (0) 
ly ~~ uBeK 2uB7K, ” (5) 
where 89 is the phase constant of the undisturbed wave and K, is the coupling impedance. 
This relationship is easily derived from the expression for the total power flux over a 
segment dz in the presence of a beam of electrons [5[: 


EE* 


ag bas gc 


Geez (5) 
where E is the r-f field intensity along the line, r = u — jB is the propagation constant of 
the disturbed wave, I 9 = jg is the propagation constant of the undisturbed wave in the ab- 
sence of losses. 

Assuming that the r-f field intensity within the line varies exponentially (as e#4), in- 
tegrating Eq. (5') over the limits from zero to z and eliminating the imaginary part, we ar- 
rive at Eq. (5) for the reactive power flux within the line. 

On the other hand, the reactive power of interaction may be represented in the form 


P =— inl for ou, 


Ls j (6) 


where E(z) and i(z) are the r-f components of field intensity and current as defined by the 
following equations from Ref. 4 


i 


E (z) = E, (2) Kod ake (7) 
2 ‘ Io Be C sin By (@— 2) —jBo(z—x) da: 
i) =] 2U \ A a eo Se e iBe(2—=) da; (8) 


0 


E,(z) is the amplitude of field intensity, Ig and Ug are the de components of the beam current 
and voltage, respectively. 

Substituting Eqs. (7) and (8) into Eq. (6) and using the condition of reactive-power bal- 
ance P,,; = Pir, we obtain 


EEO 2 : 1, e 
ae [Ei @— Et (0)]=— wide 


Cuan 


Ey (x) dx \2: (t) cos k (w —1) sinB, ( — t)dt. 
0 


(9) 
Using the expression for the field amplitude E, (2) under conditions of asymptotic gain [4], 


Ey (2) _ mk te 
E,(0)~ we v3) o 


after appropriate transposition we find 


w+ B3— 
aye (10) 


The value of B — Bo may be expressed in terms of the asynchronism parameters b and b, 
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for the disturbed and undisturbed waves, respectively, from 


bbe =a (11) 


From Eqs. (10), (11), (2) and (3) let us find the desired relationship between b and b,: 


{ ope estes ARS 
by, = 2b — 5p V 26 (1+ bC)? + 4b2q. (12) 


For C< 1 Eq. (12) takes the form 


1 
b= 0-VW Ft q. (13) 


In the case of considerable space charge (q > 1), we may obtain from Eq. (13) 


by ~ 2b—Vq. , (14) 


It was shown in Ref. 4 that for q > 1 bopt = Vq7.. It follows from Eq. (14) that in this 


case b,~b=YVq. Consequently, with considerable space charge under maximum-gain con- 
ditions the phase velocity of the wave is practically unaffected by the electron stream. This 
statement is also borne out by the results of more rigorous analysis [6]. 


She -0,6 0 0.6 1,2 48 2,4 3.0 br 


Figure 1. Dependence of the increasing wave parameter X41 = u/B eC on the asynchronism 
parameter by for C +0. 


Equations (2), (3) and (12) permit a calculation of the dependence of the increasing wave 
parameter x; = u/ B.C on the asynchronism parameter b, for the undisturbed wave and the 
space-charge parameter q for various values of C. This dependence is shown in Figs. 1-3. 
Figure 4 shows the dependence of the maximum value of <5 u/B.C on q for various values 
of C. From these plots it is seen that the curve for the dependence of X; onq becomes less 
steep as C increases. With finite values of C maximum gain occurs when Xy/1+ byC (pro- 
portional to the gain per unit length) is maximum. Figure 5 shows the dependence of the 
maximum value of x;/1+ b,C on q for various values of C. 

Upon determining the optimum value of b corresponding to the maximum value of 
X,/1 + b,C we may calculate the initial-loss parameter A for finite values of C from 


mk 


A= 201g = es 
ow (15) 


) 
The dependence of A on q for various values of C is shown in Fig. 6. 
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Figure 2. Dependence of the increasing wave parameter X1 = U/B,C on the asynchronism 
parameter b, for C = 0.1. 


Figure 3. Dependence of the increasing wave parameter x, = u/BeC on the asynchronism 
parameter b, for C = 0.2, 


Zy= fp 


) 


Figure 4. Dependence of the maximum 
value of the increasing wave parameter 
X1 on q for various values of the gain 
parameter C. 


at finite values of C. In Figs. 7 and 8 the broken lines represent x; = X;9 


The approximate calculation of the at- 
tenuation within the line (performed in Ref. 
4 may be generalized in the case of finite 
values of C. 

Figures 7 and 8 show the dependence of 
the increasing wave parameter x, =U /B ef 
on the attenuation parameter d for various 
values of C and q. 

It was shown in Ref. 1 that the de- 
pendence of the increasing wave parameter 
X, on the attenuation parameter d for 
C < 1 may be approximately described by 


Gin 
Cin SUR may 


where xj1Q is the value of x; atd = 0. It may 
be shown that a similar dependence occurs 
— d/3 for values 


of C = 0.1 and 0.2. The correspondence of the solid and broken curves is quite adequate. 
The results obtained in the present paper coincide with those of Ref. 3 for zero space charge. 
For space charge other than zero, in comparing the results it is necessary to use the 
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relationship [3] 


Fes q 
OS Cae oe 


A comparison performed taking Eq. (16) into account shows that the values of the parameter 
x, calculated in Ref. 3 exceed the values of xj = u/BC calculated from Eq. (2). This is 
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Figure 6. Dependence on the initial-loss parameter A in optimum operation on space 
charge q for various values of C. 
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Figure 7. Dependence of the increasing wave parameter 2 u/ B.C on the attenuation 
parameter d for C = 0.1. 


Figure 8. Dependence of the increasing wave parameter Xy =H /B eC on the attenuation 
parameter d for C = 0.2. 
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apparently explained by the fact that the authors of Ref. 3 used for the finite values of C the 
characteristic equation presented in Ref. 1 where the space charge was not sufficiently ac- 
curately calculated. As preliminary calculations have shown, the values of x1 = p/ B.C ob- 
tained in the present paper are in complete agreement with the values of the increasing 
wave parameter calculated from the characteristic equation (VII. 18) in Ref. 2. 


REFERENCES 


1. J. Pierce. Traveling-wave tubes, Published by Sovetskoye radio, 1952. 

2. A.H. Beck, Space-charge waves and slow electromagnetic waves, Pergamon Press, 
London, 1958, p. 223. 

C. Birdsall, G. Brewer, IRE Trans., 1954, ED-1, 3, 1. 

M.B. Tseytlin, Ye. M. Il'ina, Radio Engineering and Electronics, 1960, 5, 4, 700. 

V.N. Shevchik, Fundamentals of microwave electronics, Published by Sovetskoye 
radio, 1959, p. 148. 

6. L.N. Loshakov, ZhTF, 1953, 23, 10, 1833. 


ole co 


Submitted to the editors 19 April 1960 


AMMONIA-BEAM MASER 
OPERATING WITHOUT LIQUID NITROGEN 


V.V. Grigor'yants, M, Ye. Zhabotinskiy 


In collaboration with G.A. Vasneva we previously proved the possibility of creating an 
ammonia-beam maser [1] operating without freezing of the ammonia molecules [2]. It was 
shown that such a maser requires beam sources with directivity of 5 - 10° or, in the absence 
of such sources, division of the operating volume of the maser into two chambers: an op- 
erating chamber and a source chamber, with separate evacuation of each. The chambers are 
separated by a diaphragm, the position and orifice of which are so chosen that they insure 
the required directivity of the beam into the operating chamber (see Fig. 1). The required 
pump capacity is determined for each chamber from 


Si 2 Onno ad 

Fre as (1) 
where § is the pump capacity in liters per second, P is the operating pressure in the chamber 
in mm Hg, and N is the number of molecules per second entering the chamber. 

As is known, maser output is of the order of 10-9 w. In order to obtain this power, 
taking saturation into account, approximately 1015 active molecules in the energy state 
being used must enter the cavity resonator per second. For the line (3,3) these molecules 
constitute approximately 2 percent of the total number of molecules in the beam. Hence for 
full use of the beam approximately 1 x 1017 molecules must enter the maser per second. 
For evacuation of this number of molecules at a vacuum of 2 x 10° mm Hg is sufficient. 
This is provided by a pump with capacity of approximately 100 1[sec. The use of directional 
sources permits substantial reduction in this capacity. 

In the case of the two-chamber model nondirectional sources of the fine-grating type 
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may be used. The total intensity of the beam entering the source chamber rises to approx- 

imately 3 x 1018 molecules per second. Since in the source chamber the beam must travel a 

path of less than 1 cm, in order to insure the required mean free path a vacuum of the order 

of 10-3 mm Hg is sufficient. This is provided by a pump with capacity of approximately 

100 1[sec. The use of directional sources permits substantial reduction in this capacity. 
An experimental check of the efficiency of a 

maser without liquid nitrogen was performed on 

a standard laboratory maser with the following } NHs 

data (unchanged throughout the experiments dis- 

cussed below): cavity length, 100 mm; length of t 

quadrupole condenser, 100 mm; diameter of in- " 

put pupil, 6 mm; Uzy = 32 kv. The source was 

an array of long tubes*: tube diameter, 0.25mm, (l] 

tube length, 5 mm; number of tubes, 185. Total 

diameter of the array was 4 mm. Distance be- 

tween the cavity resonator and quadrupoles was 

7 mm; distance between the grating and the 

quadrupoles was 14.5 mm. The operating 

chamber was evacuated by a standard diffusion 

pump N-5 with oil seal and a capacity of ap- 

proximately 250 1/sec. In the experiments with 

a dual-chamber maser the source chamber was 


evacuated by a TsBL-100 pump through a vac- ~~ Vacuum pump 
uum line with length 0.5 m and diameter 60 
mm, which lowered the effective rate of evacu- Figure 1. Dual-chamber maser. 


ation. Oscillation was observed by means of a 

microwave receiver with a crystal-stabilized local oscillator, an intermediate frequency 

fo = 56 Mc, and a band width Af = 0.4 Mc. Measurements during maser operating without 
liquid nitrogen were compared with similar measurements for 
the same maser with liquid nitrogen. Results of the experiments 
are given in the table. 

It is seen from the table that the dual-chamber maser 
without liquid nitrogen has a signal-to-noise ratio half as good 
as that of a maser with liquid nitrogen, even though the former 
lil is, of course, not of optimum construction. 

h, It is necessary to point out that in starting the maser 
without liquid nitrogen with a single pump the pressure at the 
source was 6.5 x 10°“ mm Hg, which corresponds to a mean 
free path of approximately 0.6 mm, whereas the tube length 
was 5 mm. This indicates that, due to the low beam intensity, 
the directivity of the array was not fully exploited. Hence, it 
is necessary to increase the number of tubes of the array while 
preserving the ratio of length to radius. 

Successful starting of a maser without liquid nitrogen 
permits achievement of a practical maser with ammonia cir- 
culation [2] (see Fig. 2). The possibility of such circulation 
is insured by the fact that the outlet pressure of ordinary high- 
vacuum pumps is of the same magnitude as the operating pres- 

Figure 2. Maser with sure of the gas at the source (i.e., 10-2 —1.0 mm Hg). If at 

ammonia circulation. the initial moment there is introduced into the system (degassed 

and evacuated to a high vacuum) pure ammonia up to a pressure 

of 1 x 10-3 mm Hg and we have Vi/V2 =~ 102 (see Figure 2), then upon switching in a pump 
with a capacity chosen from Eq. (1) practically all of the gas will pass into Vo, that is, to 
the source, where the pressure will be V;/ Vg times greater than the initial pressure (i.e. , 
approximately 10-1 mm Hg). Both the maser and the vacuum pump will be made for the 
same operating conditions. Prolonged operation of such a design requires oil with high heat 


=< 


* The procedure for making these arrays was developed by G.A. Semenov. 
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Pressure in | Pressure in Minimum 

Source operating source pressure 

Maser type pressure chamber chamber in source 
mm Hg mm Hg mm Hg 


Single-chamber, 
without liquid 
nitrogen 

Dual-chamber, 
tc=3 mm 

Dual-chamber, 
l=6mm 

Maser with 
Liquid nitrogen 

Maser with 
Liquid nitrogen 


resistance and a getter which does not absorb ammonia. The maser with circulation may 
also be made in the dual-chamber variant. 

The authors express their thanks toI. N. Orayevskiy and G.N. Barykin for their as- 
sistance in the experiments. 
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LETTERS TO THE EDITOR 


EXCITATION MECHANISM 
OF ELECTRON PLASMA OSCILLATIONS 


In a number of papers [2, 3] devoted to the investigation of plasma oscillations it was 
assumed that in the experiments of Merill, Webb and associates [1] the oscillations are ex- 
cited by means of a mechanism close to the klystron mechanism [5, 7]. It was subsequently 
shown in Ref. 4 that the phenomena observed under such conditions may be explained on the 
basis of a combination of the principle of phase focusing and coherent interaction with the 
plasma of the electron bundles being formed. 

The successful development of the theory of spatial interaction of the electron stream 
with the plasma [5-11] (henceforth we shall refer to this interaction as the TWT mechanism) 
and experimental verification of this theory [12-16] led to re-examination of the explanations 
of earlier experiments, particularly the experiments in Refs. 17 and 1. Criticism of the 
initial explanation of the experiments of Looney and Brown, made on the basis of serious 
theoretical and experimental observations [19, 18] was evidently correct, although the new 
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ideas of various authors differ. Analysis of the experiments of Merill and Webb was primi- 
tive and the opinions expressed are not conclusive. There is an opinion [11, 20] that these 
experiments [1] are explained by the TWT mechanism. In support of this it is stated in 

Ref. 20 only that the rate of increase in amplitude of the plasma wave (calculated on the 
basis of the theory in Ref. 10, which is in poor agreement with experiment) may be quite 
high. Another opinion [16, 18] consists of the fact that the excitation of oscillations in the 
experiments [1] is associated with the oscillations of electrons within the potential well and 
is not accompanied by a demonstration. In the papers mentioned [16, 11, 18, 20] there is 
no detailed analysis of the correspondence between the experimental observations of Ref. 1 
and the assumptions stated concerning the nature of these observations. 

In connection with such variety of opinion concerning the essentials of such funda- 
mental experiments as those of Merill and Webb it is our intention to show that there is 
at this time no basis for questioning the klystron mechanism of excitation and to call at- 
tention to the fact that in any attempt to explain these experiments it is necessary to explain 
an entire series of facts. 

In the case of the TWT mechanism the regions of modulation and transmission of energy 
from the electron stream to the plasma must coincide, and in the case of the klystron mech- 
anism they must be spatially separate and concentrated in sharply delimited zones. As the 
basis for determining the possibility of a klystron plasma oscillator it is first necessary to 
demonstrate the existence at the plasma boundary of an alternating microwave field with 
sufficient amplitude, which is verified by direct experiments [21]. The beam of electrons 
passing through such a plasma boundary is modulated and is converted into a train of 
bundles with maximum density at the site of the phase focus. At this site there occurs 
more intense interaction of the beam with the plasma (coherent interaction of the bundle 
charges with the plasma) and, in addition, it is possible that there is feedback from the 
modulation zone due, for example, to a wave propagated from the region of the phase focus. 
In the presence of stable feedback (in practice it is achieved by careful choice of the 
combination of current and energy of the electron beam) in the phase focus region there 
is noticed not only anomalous scattering but also 'monochromatic" oscillations. In the ab- 
sence of the required feedback, phase focusing will exist for isolated, short intervals of 
time. The anomalous scattering is preserved, but as the result of oscillations in the form 
of more or less short wave trains the usual indicating devices reveal no definite frequency 
but a wide spectrum of frequencies (noise). This klystron mechanism, in combination with 
coherent interaction [4], permits explaining the following facts. 

1. The formation of sharply delimited scatter zones and an oscillatory zone, their 
relative positions, their displacement toward the cathode with a decrease in electron ve- 
locity or with an increase in plasma concentration (a decrease in phase focal length upon 
an increase in frequency). 

2. The order of magnitude of energy interaction (loss of energy, energy of anomalous 
fast electrons), the increase in energy losses with an increase in current cr a decrease in 
electron energy, the nondependence of losses on the concentration of external plasma. 

3. The existence of critical interaction. The energy losses increase with the electron 
beam current, but at a certain value of current the losses cease to increase (see curves 7 
and 8, Figure 2, Ref. 4). It may be shown that this is associated with spreading of the 
electron bundles under the influence of the natural space charge. At a certain beam current 
the minimum bundle dimensions begin to exceed the plasma wavelength. 

4. The occurrence, along with anomalous scattering, of noise or oscillations with 
fixed frequency (see above). 

An indication of the difference in the mechanisms of interaction — for example, in 
cases of Refs. 4 and 16 — is also found in the fact that with electron beam power of the 
same order the oscillatory power in Ref. 4 proved to be greater by many orders of magni- 
tude. It should be pointed out that coherent interaction of electron bundles and plasma was 
proposed as a means of introducing energy into the plasma [22, 23]. Also detracting from 
the role of the TWT mechanism is the fact that the extent of the oscillatory zone in the ex- 
periments discussed is less than the plasma wavelength. 

Thus, the abovementioned trend toward a unified explanation of the various experi- 
ments does not always yield positive results. No one now doubts the existence of the TWT 
mechanism, but this does not exclude the fact that in some cases the excitation of oscilla- 
tions is due also to a mechanism having much in common with the klystron mechanism. 
Moreover, in discussing the creation of self-excited plasma oscillators it is necessary to 
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consider, not two, but three possibilities, for there is also the analog of a positive-grid 
oscillator examined in detail in Ref. 18. 
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ACADEMICIAN ABRAM FEDOROVICH IOFFE 


Academician Abram Fedorovich Ioffe, a prominent Soviet scientist who enriched 
science and engineering with many discoveries and investigations, passed away on 14 
October 1960. 

A.F. Ioffe was born in Romna (formerly Poltavskaya guberniya) on 29 October 1880. 
Upon the completion of his studies at Petersburg Technological Institute in 1902, not being 
satisfied with the level of science in tsarist Russia, he entered Munich University and 
graduated from that institution in 1905 with the degree of doctor of philosophy. Returning to 
Petersburg in 1906, he began his work as a scientist, pedagogue and organizer, which he 
pursued indefatigably until the very last day of his life. 

Even A.F. Ioffe's early investigations of the atomic nature of electricity and the ele- 
mentary photoelectric effect were of fundamental importance and are included among the 
classical experiments of modern physics. 

Of no less importance were the widely known works of A.F. Ioffe and his students in 
the investigation of the mechanical and electrical properties of crystals. These researches 
were the first conclusive explanation for the marked difference between the molecular and 
bulk strengths of crystals, while investigations of electrical conductivity and breakdown of 
crystals contributed to the explanation of the intricate phenomena of the movement of 
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electrical charges and polarization in dielectric crystals. 

A.F. Ioffe's investigations of semiconductors, begun as early as 1930, cannot be 
overestimated in importance. He and his close associates engaged in detailed studies of 
electrical, magnetic and thermal phenomena in semiconductors, which permitted a general 
description of the complex phenomena of extrinsic and intrinsic conductivity of semicon- 
ductors as well as the mechanism of electron and hole conductivity. As early as 1937 A.F. 
Ioffe and A.V. Ioffe expressed their opinion concerning the nature of the rectification of 
electrical current at the junction between two semiconductors with different conductivity; 
this opinion was later brilliantly developed in the works of Soviet and foreign scientists 
and lies at the foundation of all the extremely important modern applications of semi- 
conductors. A.F. loffe's investigations in thermoelectricity, leading to the creation 
of laboratory models of semiconductor thermoelectric generators and refrigerators 
with practical efficiency, have been a particular contribution to investigations abroad 
and are serving as the basis for the development of a new branch of power engineering. 

The works of A. F. Ioffe have gained wide acclaim. He was chosen as a member of the 
academies and scientific societies of many countries. 

A.F. loffe's activities in the organization of scientific investigations in the Soviet 
Union were truly unmatched. On his initiative or with his help physical-technical institutes 
were organized in Leningrad, Khar'kov, Sverdlovsk, Dnepropetrovsk, and Tomsk. The 
Institute of Chemical Physics and the Electrico Physics Institute in Leningrad, as well as 
the Leningrad Agricultural Engineering Institute, are unique among such institutes. A.F. 
Ioffe taught numerous brilliant scientists, many of whom in turn enriched mankind with 
important discoveries which are the pride of Soviet science. 

In his intense activity A. F. Ioffe constantly proved himself to be not only a prominent 
scientist but also a patriot of the entire Soviet fatherland. Immediately after the Great 
October Socialist Revolution he was one of the first great scientists actively participating 
in the development of Soviet science and engineering, devoting all his energy to this honor- 
able task. A.F. Ioffe always combined his interest in the principal problems of physics 
with an interest in engineering and was always concerned that the achievements of physics 
be used for the development of the technical might of the Soviet Union. 

The Soviet government placed high value on A. F. loffe's work and achievements, 
shar him many prizes and bestowing on him in 1955 the rank of Hero of Socialist 
Labor. 
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